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^~~^ Abstract. Zaremba's 1971 conjecture predicts that every integer 

\_J appears as the denominator of a finite continued fraction whose 

i^ partial quotients are bounded by an absolute constant. We confirm 
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On 









Contents 



1. Introduction 2 

2. An Overview of the Argument 21 

3. Preliminaries I: Matrix Products 26 

4. Preliminaries II: Distributional Properties 28 

5. Setup and Minor Arcs Decomposition 32 
►;>! 6. Minor Arcs Analysis I 37 

7. Minor Arcs Analysis II 46 



I^ 8. Positive Proportion 51 

cn 

1^ 9. Alternate Ending I: Soft Equidistribution 53 

O 10. Density One 59 

T-H 11. Preliminaries III: The "Congruence" Transfer Operator 65 

J> 12. Alternate Ending II: Quantitative Equidistribution 69 

/\ 13. A Small Exceptional Set 78 

a Appendix A. Proof of Theorem 1.43 86 

References 94 



Date: July 20, 2011. 

Bourgain is partially supported by NSF grant DMS-0808042. 
Kontorovich is partially supported by NSF grants DMS-1064214 and DMS- 
1001252. 

1 



JEAN BOURGAIN AND ALEX KONTOROVICH 




Figure 1. Plots of n versus 6"(mod(i) for d 
with (a) b = 3532 and (b) b = 3535. 



4547 



1. Introduction 

1.1. Pseudorandom Numbers. 

It is a basic observation made long ago that modular multiplication, 
i.e. the map 



X h-> bxijnodd) 



:i.ii 



is pseudorandom. That is, while being completely deterministic, it be- 
haves somewhat like a random sequence under iteration. Of course 
the sequence has length at most d, the optimal situation being when 
the modulus d is prime and the multiplier 6 is a primitive root mod d. 
Adding a constant term, the map x i— )■ bx + c{inodd) is the classical lin- 
ear congruential pseudorandom number generator, for which a common 
choice of modulus is a power of 2. (The constant term overcomes the 
lack of a primitive root in this case). Though this map is insecure for 
use in cryptography, its extreme speed and low memory requirements 
makes it very popular in other applications, e.g. video game consoles. 

In Figure la, we illustrate iterates of the map (1.1) for the prime 
modulus d = 4547 and multiplier b = 3523, a primitive root mod d. 
That is, we plot n versus 6"(mod(i), n = 1, . . . ,d — 1. For comparison, 
we show the same image in Figure lb for another value b = 3535, also 
a primitive root modulo the same prime d = 4547. Both sequences 
appear to be random dots in the torus (Z/rfZ)^ (save the fact that 
both end in 1, a consequence of Fermat's Little Theorem). 

For a more rigorous test, let us consider these sequences' serial cor- 
relation of pairs, that is, plot the pairs {b"',b"'~^^)(modd), or what is 
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Figure 2. The points Zn of (1.2) for b = 3523 and d = 4547. 



essentially the same, the points 



n bn 
d' d 



(1.2) 



on the torus M^/Z^ = [0, 1]^. Figure 2 shows these points for the first 
example, d = 4547, b = 3523. (Note though that the points Zn can of 
course be studied without regard to primality of d or primitivity of b, 
just assuming {b,d) = 1.) Visually it is clear that the equidistribution 
achieved is quite amazing, especially considering there are only d points 
on a grid of size d"^. 

As a consequence, these points are a popular choice for sampling in 
two-dimensional quasi-Monte Carlo integration [Kor59, Hla62, Zar66, 
Sob67, Nie78]. (For historical accuracy, note that the application 
of these points to numerical integration predates that of the linear 
congruential method, for which see e.g. [Die71].) Thus to compute 
/o /o f{^yy)d'^d,y, one should average the values of / at the points Zn- 
The Hlawka-Zaremba inequality bounds the resulting error by a prod- 
uct of two factors, one depending only on the function / (namely, its 
first variation), and the other depending only on the discrepancy of 
the sample sequence Zn. (Recall the discrepancy of a set of points is 
the supremum over all rectangles B C [0, 1]^ of the absolute difference 
between the area of B and the proportion of points contained in B.) 

For comparison, we shown in Figure 3 the set of points Zn for the 
other example b = 3535 with the same d = 4547. Something has gone 
horribly wrong: knowing 6", we have about a 1 in 10 chance of guessing 
^71+1 js^ moment's reflection hints at a role being played by some hidden 
Diophantine condition, leading one to inspect some continued fraction 
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Figure 3. The points z^ of (1.2) for h = 3535 and d = 4547. 



expansions. Writing as usual 

b_ 1^ 

d~ 

ai H 



[«!,..., Ofc], 



a2 + '■ ■ + 



Ofc 



note that 



3523 



[1,3,2,3,1,2,3,2,1,3] 



4547 
has uniformly small partial quotients, while the expansion 

3535 , 

^^ = [1,3,2,35,1,1,1,4] 

has the very large quotient 35 in the middle. Such observations natu- 
rally lead Zaremba to the following 

Theorem 1.3. [Zar66, Cor. 5.2] Let {b,d) = 1 and b/d = [ai, . . . , a^] 
with ttj < A for all j = 1, . . . k. Then the discrepancy of the sequence 
Zn in (1.2) is at most 



AA 



+ 



4A + 1 \ log (i 



log(A+ 1) logrf y d 



(1.4) 



In fact, the leading order of such sequences is best possible: a theo- 
rem of Schmidt's [Sch72] states that any set of d points in the torus has 
discrepancy 3> log d/d. Note that this compares extremely favorably 
against that of a "purely random" set of d points: the Central Limit 
Theorem predicts a discrepancy of size only Ri 1/yd. Of course as 
Figure 3 illustrates, the factor A plays a crucial role! 
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Let us define DIa to be the set of rationals wliose partial quotients 
are bounded by A, 



9^^ ■= \ ^ = [oi, 02, . . . Ofc] : 1 < ttj < A for all j = 1, . . . , /c 



and let 2)^ be the set of denominators, 

^A-= \d: 3(6, d) = 1 with -j^^a 

For a well-distributed sequence with low discrepancy, one wants A as 
small as possible. If we set A = 1, then 9^i = {fn/fn+i} consists 
just of ratios of consecutive Fibonacci numbers, and hence 2)i = {/«}• 
Clearly it is desirable to have more flexibility in the choice of the moduli 
d, leading Zaremba in 1971 [Zar72, p. 76] to the following 

Conjecture 1.5 (Zaremba's Conjecture). For some sufficiently large 
value of A, we have 

That is, every d > 1 is the denominator of a reduced fraction b/d whose 
partial quotients are bounded by A. 

This conjecture is connected to a number of other problems. For 
example, it is given in [GLM'^OS, p. 37] as an analogue of the Strong 
Density Conjecture for integral Apollonian circle packings. It is also 
related to properties of Markoff and Lagrange spectra, as discussed in 
e.g. [CF89, JPOl]. 

Remark 1.6. Another interpretation comes from the correspondence 
between dynamics on the modular surface SL2(Z)\EI and continued 
fraction expansions. Recall that for x in the unit tangent bundle of 
H, the limiting "visual" point of x is the image in the boundary dM 
of the geodesic flow at time +oo. The geodesic flow on the universal 
cover descents to the quotient, where the cutting sequence of the flow 
determines the continued fraction expansion of the visual point (see 
[Ser85]). Hence Zaremba's Conjecture predicts an abundance of diver- 
gent geodesies which, before escaping to the cusp, spend all their time 
in a uniformly bounded region, see Figure 4. See also the recent work 
of McMuUen's [McMOQ] and Remark 1.52 below. 

1.2. Further Refinements. 

In fact, Zaremba conjectured a value for A, stating that perhaps 
A = 5 is already large enough. The reason for this guess is simply that 
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Figure 4. A divergent geodesic on the modular surface 
with a hmiting visual point at 3523/4547. Its trajectory 
spends almost its entire life in a compact region, before 
eventually escaping to the cusp. 



it is false for A = A: for d = 54, there is no comprime b so that b/d has 
all partial quotients bounded by 4, that is, 

54 ^ ©4. 

The set of such exceptions is believed to be finite (in fact only two more 
numbers are known to be missing: 6 and 150 are not in 2)4). In 1978, 
Niederreiter [Nie78, p. 990] conjectured that already for A = 3 the 
set of exceptions is finite, that is, 2)3 contains every sufficiently large 
number. We write this as 



2), D N 



>i- 



He also stated that 2)2 likely contains a positive proportion of numbers. 
In 1996, equipped with more extensive numerical evidence, Hensley 
[Hen96] proposed more boldly that even for A = 2 the exceptional set 
should be finite, 



DoDN 



>i- 



;i.7) 
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^^2^ = {[a,,.. 


.]:ai<2}: 


Cf = {[ai,.. 


• : 01,02 < 2}: 


€.t^ = U 






h 




C^) „,r.o.o rrC^) 



Figure 5. The Cantor set (ta = fl q % where q 

k=l 

{[ai, . . . , Oj, . . . , afc, . . . ] : Oj < A for all 1 < j < /c} re- 
stricts only the first k partial quotients. 



In fact, he went much further. To describe his conjecture in full, we 
need some more notation. Let ^a be the limit set of 5^a, that is, (t^ is 
the Cantor set of infinite continued fractions, with all partial quotients 
bounded by A: 

dj^ ■= {[ai, . . . , Oj, . . . ] : Oj < A for all j > 1} C [0, 1]. 

Then 9^^ is the set of partial quotients of elements of (t^. Let 5a be 
the Hausdorff dimension of (t^. 

For A = 1, £i = {!/</?} is the singleton consisting of the reciprocal of 
the golden mean, and 5i = 0. For A = 2, ft2 is obtained by repeatedly 
cutting certain intervals out of [0, 1] as shown in Figure 5. The dimen- 
sion 62 is not known to have a nice closed form, but can be numerically 
estimated to arbitrary precision by an extremely fast algorithm due to 
Jenkinson and Pollicott [JPOl]. They give the estimate 

52 ^ 0.5312805062772051416244686 . . . (1.8) 

accurate to 25 decimal places, see also [Goo41, Bum85]. For all A 
the Cantor sets Ca have dimension 6a < ^ but are not too thin. For 
example, a beautiful theorem of Hall's [Hal47], one of the earliest sum- 
set projection theorems, states that every element of the unit interval 
is the sum of two elements in 6^4, that is, €.4 + €.4 = [0, l](mod 1). 
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Moreover, for A large the dimensions 6a are not bounded away from 
1. Indeed, Hensley [Hen92, Hen89, Jar29] gives the following asymp- 
totic expansion 

^ 6 1 72 log A ^ / 1 \ ,, ^, 

Even more generally, let ^ C N be any finite alphabet, let C_4 be the 
Cantor set of continued fractions on this alphabet: 

ff^ ■= {[ai,...,aj,...] : aj G A}, 

let 9^^ be the partial convergents of €.j[, let 2)^ be the denomina- 
tors (also called continuants) of 9^^, and let 5^ be the dimension 
of (tyi- To unify (and abuse) notations, we use the convention that 
A = {1,2, . . . ,A}. In [Hen96, Conjecture 3, p. 16], Hensley proposes 
the following elegant 

Conjecture 1.10 (Hensley). 

D^ D N»i ^^ 6a > 111. 

That is, Sj( > 1/2 if and only if the exceptional set of continuants of 
the alphabet A is finite. 

Of course we see from (1.8) that for A = {1,2}, 62 > 1/2, so the 
conjecture implies (1.7). 

To see the decisive role of the dimension, consider the set of rationals 
in 9^_4 with denominator bounded by a large parameter A^, that is, 
define 

U\a{N) := l^ e "Ra ■■ ib,d) = I and 1 < b < d < n\ . 

We visualize 9^yi(A^) in Figure 6a by plotting d versus b/d G D^^(A^), 
for A = A = 2 and A^ = 1000. The fiber above d is nonempty if and 
only if d G 2)^, so the nature of the projection of the picture to the x- 
axis is precisely the main issue. Even in Figure 6b where we extend A^ 
to 10000, there are many gaps in the projection, so (1.7) is quite bold. 
Note that horizontal limiting rays, if projected on the y-axis, vertically 
illustrate the Cantor set €2- For comparison, we show in Figure 7 the 
same picture for A = 5 and N = 500, where already the fiber above 
every d is non-empty. 

It may appear from these images that 9^^(A^) has the structure of 
a product set: the vertical Cantor set times the horizontal line. This 
would suggest that the number of points plotted, #D^_4(A^), is of the 
order A^'^-^ x N = N^^~^^. In fact, this is not the case. 
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Figure 6. Points (d,^) such that ^ G 9^2 (A^), with 
(a) A^ = 1000 and (b) A^ = 10000. 
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Figure 7. Points {d, |) such that | G 9^5 (A^), with iV = 500. 

Theorem 1.11 (Hensley [Hen89, Cus77, Goo41]). ^s A^ ^ oo, 

#fH^(A^) X AT^^-^. (1.12) 

To be precise, Hensley proved (1.12) for A = A, but the same proof 
works for an arbitrary finite alphabet A. Since we expect the horizontal 
projections to be full, it must be the case that the fiber above a typical d 
is in fact not the Cantor set (t_4, but quite a bit more deficient, roughly 
of size 

d^^-^-\ (1.13) 

See Figure 8a which shows the multiplicities of d in yiji{N) for A = 5 
and N = 1000. Figure 8b illustrates the normalized multiplicites. We 
will see from the prediction of the singular series in the circle method 
(cf. Remark 13.26) that the fluctuations are expected to be of size 

1 multiplicity((i) 



log log d 



< 



d2SA-l 



<1. 



;i.i4) 



Remark 1.15. It is clear now that the condition 6j\^ > 1/2 is necessary 
in Hensley's conjecture: setting 
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(b) 

Figure 8. A plot of (a) the multiplicity of each d < 
N = 1000 appearing in 91^ with A = 5, against the 
function (P^~^, and (b) the multiplicity normalized by 
dividing out d?^'^ . We have approximated ^5 ~ 0.83. 

we obviously have from (1.12) that 

#2)^(iV) < #9i^(iV) « N^'^, (1.16) 

so ii 5j, < 1/2, then 2)^ is a thin subset of the integers. (It does not 
seem possible to have 5_^ = 1/2 with a finite alphabet A.) 

The above covers necessity; for a more compelling reason why the 
condition 5^ > 1/2 may also be sufficient in Hensley's conjecture, recall 
by analogy the following 

Theorem 1.17 (Marstrand [Mar54]). Let E he a set in [0,1]^ with 
Hausdorff dimension exceeding 1. Then for almost every line L (with 
respect to Lebesgue measure on the slope), the projection of E on L has 
positive Lebesgue measure. 

Remark 1.18. This is but an analogy and cannot be applied in any 
meaningful way to our discrete situation. Nevertheless, (1.12) suggests 
that the "dimension" of ^a{N) is 25^, so the projection on the partic- 
ular "line" ©^(A^) on the x-axis should be "full," as long as 25^ > 1. 

Compelling though it may be, Hensley's conjecture, as stated, is 
false. 

Lemma 1.19. For the alphabet A = {2, 4, 6, 8, 10}, we have 

Sa ^ 0.517 > 1/2, 

but D^(mod4) G {0, 1,2}, so obviously the exceptional set is infinite. 
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Proof. The local obstruction is trivial to verify. We computed the di- 
mension by implementing Jenkinson-Pollicott's [JPOl] method.^ D 

Remark 1.20. With the caveat that one must also check for local ob- 
structions, Hensley's conjecture seems plausible. Note that already for 
A = 2 (and hence for any alphabet containing 1 and 2) there are no 
local obstructions, cf. Remark 1.50. 

1.3. Partial Progress. 

Recall that in the application to the linear congruential method, it is 
sometimes desirable to take d a power of 2. Niederreiter [Nie86] showed 
that 

{2^} C ©3, (1.21) 

and his method applies to some other thin sequences, see [YL02, Kom05]. 
From (1.21) we can conclude that 

#D^(iV)»logiV 

(which is actually already true for A = 1 from the Fibonacci numbers). 
All else known towards Zaremba's problem follows easily from Hensley's 
estimate (1.12). Consider again the picture of 9^_4(iV) in Figure 6. Since 
the fiber above each d < N has size at most N, we immediately have 
that 

#D^(A^) > N^^^-\ (1.22) 

Note that by taking A large, it follows from (1.9) that we can pro- 
duce A^^""^ points in 'Da{N), for any e > (depending of course on 
A). But (1.22) says nothing if (5_4 < 1/2. Another almost immediate 
consequence of (1.12) is 

Lemma 1.23. 

#S5^(A^) > A^"^^. (1.24) 

This is only a little better than (1.22) for 5^ near 1, but has the 
great advantage of being non-trivial even for 6j[ < 1/2. It is proved in 
[Hen06, Theorem 3.2], though we give an elementary proof (postponed 
until after some more discussion) on page 16. 

Our main results improve on (1.24) for 6_a near 1. 
The program is available at http: / /math.sunysh.edu/^ alexk/HausdorffZaremba.nh. 
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1.4. Statement of the Main Results. 

Our first objective is the following 

Theorem 1.25 (Positive Density). Let A be an alphabet with 

5a>1- 5/312 ^ 0.983974. (1.26) 

Then a positive proportion of numbers satisfy Zaremba 's Conjecture, 

i^^A{N) » N. 

Remark 1.27. In light of (1.9), the value A = 50 seems to be sufficiently 
large for the condition on 6^- 

Remark 1.28. We have made no attempt to optimize the allowed value 
of 5a in (1.26); it can surely be improved with a modicum of effort, see 
Remark 7.2. That said, we do not believe that our methods will allow 
results of this quality with A = 5, say, since our techniques only apply 
once 6a is sufficiently near 1. 

Next we claim the following 

Theorem 1.29 (Density One). With the same conditions on A as 
above, 100% of Zaremba 's Conjecture is true, 

#D^(iV) = iv('l + o(l 

Remark 1.30. One may wonder why we make no mention of local ob- 
structions in the above. In fact, for an alphabet A to have such a large 
dimension, it is necessary for it to contain the letters 1 and 2. But then 
there are no local obstructions, cf. Remark 1.20. 

For an application to the linear congruential method, this qualitative 
statement is not enough; we need to push further and quantify the 
exceptional set. Moreover, we need that the multiplicity of each d 
produced is as expected from (1.13). 

Theorem 1.31 (Small Exceptional Set). With the same conditions on 
A as above, there is some c = c{A) > 0, so that 

#2)^(iV) = N + (ivi-^/i°gi°g^) . (1.32) 

Furthermore, each d G S)^(A^) produced above has fiber of size 

Remark 1.34. Obviously each result above dominates its predecessor. 
We state and prove them separately for the reader's convenience. The 
amount of machinery required in the argument increases substantially 



14 JEAN BOURGAIN AND ALEX KONTOROVICH 

with each improvement, so by compartmentahzing the proofs, we give 
the reader the opportunity to digest a complete argument of a weaker 
statement without spending time setting up a proof of a stronger one. 

We now give our main apphcation to the hnear congruential method 
and the map (1.1). 

Corollary 1.35. For A = 51, Dl^ contains infinitely many fractions 
b/d with prime modulus d so that the multiplier b is a primitive root 
mod d. 



Proof. Let V = Vn be the set of primes p up to iV which are 3(mod4), 
so that {p — l)/2 is a 10-almost-prime, that is, 

V := {p < N ■.p = 3(mod4) and m \ {p - l)/2 ^ m > A^^/^°}. 

A standard sieve argument shows that V has cardinality ^ TkTT/W- 
By (1.32), the cardinality A^i-^/'°siog^ of the exceptional set is much 
smaller, and so T)a{N) flP is unbounded in A^ for A = 50 (cf. Remark 
1.27). 

By (1.33), each p = d in the intersection appears with multiplicity 
at least N'^^~^-^ > A^^°/^^, say. That is, there are distinct 6i, . . . , 6^ so 
that bj/d E D\a, j = ^, ■ ■ ■ , L, and L > N^'^^^^. Let r be any primitive 
root mod d. For j = 1, . . . ,L, let kj be defined by bj = r'^^(mod(i), 
and let K = {ki, . . . jki}. Of course bj is a primitive root mod d iff 
{kj,d-l) = 1. 

Consider the subset K' oi k E K for which {k,d — 1) > 2. Since 
d E V, each such k has a prime factor of size N^^^^, and hence the 
cardinality of K' is <^ A^^/^°. This is less than the cardinality of K, so 
we may safely discard K' from K, leaving a non-empty set K". 

Consider b = r'^(mod(i) with k G K". If {k,d — 1) = 1, we are 
done, since 6 is a root mod d and b/d G DIa- The only other possibility 
is {k,d — 1) = 2, whence 6 is a square mod d. Set b' := d — b, so 
b' = —r^{raodd); since d = 3(mod4), b' is now a primitive root. It is 
elementary to verify that b/d G DIa implies that b' /d = 1 — b/d G D^^+i. 
Hence incrementing A by one, we are done. D 
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1.5. Reformulation. 

It is an old and trivial (but for our purposes crucial) observation that 

- = [ai,...,afc] 

is equivalent to 

* b \ /0 1\/0 1\ /Ol 



^ ) - \ 1 Ml ) \ 1 ) • vl-36) 

In fact the observation has some powerful consequences. Let 

be the semigroup generated by the matrices 

1 



1 , , (1.37) 

for a ^ A. Then the orbit 

Oj, ■= Qj, ■ 62 (1.38) 

of 62 = (0, 1)* under Qji, is in one-to-one correspondence with 5^_4, that 
is, if 7 = ( c d ) ' then 7-62 = {b,dy. Moreover, taking the inner product 
of this orbit with 62 picks off the value of d, that is (7 ■ 62, 62) = d, and 

(0^,62) = (6^^-62,62) (1.39) 

is precisely 2)^ (with multiplicity). 

Zaremba's conjecture can then be reformulated as: For A = 5, 

NC (^^-62,62). 

Remark 1.40. Here is a trivial but fruitful observation: if ( * ^) is in Qj^, 
then so is (id), since the generators (1.37) are fixed by transposition. 
But fixing any a G ^, we then have that 

(fed) ■ (la) = (* b+ad ) e Ga, 

and hence b+ad E 'D^- So there is a thinly veiled sum-set-like structure 
to D^. 

Remark 1.41. Returning to the pictures in Figure 6 of 9i^(A^), we see 
now that in fact have not one projection to 2)^ (see Remark 1.18) but 
two: one on the line y = (the x-axis) and one on the line ay = x. 
That is, if a G ^ and b/d G 9i^, then both d and b + ad are in 2)^. 

We can now give a short 
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Proof of (1.24). Fix any a & A. Clearly knowning the pair {d, b + ad) 
determines the pair (6, d) (and vice versa), so the number of the former 
in a ball is roughly that of the latter, namely 

i^{{d,b + ad)}r]Bz2{N) -N^^^ 

from (1.12). Hence the union of values of d and (6 + ad) is ^ A^^-^, for 
if the number of each is at most X, then the product set has size at 
most X^. D 

Remark 1.42. Of course the observation in Remark 1.41 gives not just 
two, but three (in fact |^| + 1) projections; so if a and a' are in A, 
then d and b + ad and b + a'd are all in 2)^ when b/d G 9^yi. As an 
afterthought, we briefly explore in Appendix A the consequences of this 
richer structure. Inspired by the recent advances in projection theorems 
[BoulO] we prove the following bound, which is an improvement on 
(1.24) whenever 5^ > 1/2 (that is, it is already new for A = A = 2). 

Theorem 1.43 (Improvement for Small Delta). For S = 6j[ and any 
e>0, 

#D^(Ar) >, J^SH2S-m-S)/{5-S)-e_ ^^_44^) 

The improvement is quite modest: for A = 2, the exponent 0.531 
from (1.24) and (1.8) is replaced in (1.44) by 0.537. Nevertheless, it 
is an improvement for all A, whereas the main results of §1.4 only 
apply when A is sufficiently large. Again, Theorem 1.43 is but an 
afterthought; we have made no great effort to optimize what can be 
extracted from this type of argument. 

In fact, the sum-set structure is not the observation which leads 
to our main results. Instead, the key observation is one which we 
have already made (before we were aware of Zaremba's problem) in 
a somewhat different context, which we describe now. Returning to 
(1.39), note that Zaremba's problem fits naturally into the formalism 
of the Affine Sieve introduced in [BGS06, BGSIO]. That is, given an 
orbit (9 of a group (in this case semigroup) of affine-linear maps (such as 
(1.37)), one wishes to study which primes (or more generally integers) 
arise in the values of some function / on the orbit. In the problem at 
hand, cf. (1.38), the orbit is C^ = Ga - ^2 — 5^^, and the function is 
the projection f{{b,d)^) = d, or /(x) = (x, 62) for x G Z^, cf. (1.39). 

The observation alluded to earlier is that there is a certain bilinear 
(in fact multilinear) structure to (1.39), making the problem amenable 
to the circle method via Vinogradov's methods for estimating bilinear 
forms. We explicate this more precisely in the next section, but first 
we recall how it was used in our previous work. 
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Theorem 1.45 ([BKIO]). LetT be a free, finitely-generated subgroup of 
SL2(Z) with no parabolic elements, and assume that its critical exponent 
6 = 6r (the HausdorfJ dimension of its limit set) satisfies 

6>1- 1/20000. (1.46) 

Then the set T> = {e2 ■ T, 62) of lower-right matrix entries satisfies an 
"almost" local-global principle, by which we mean the following. 

Call d admissible if it passes all local congruence obstructions, that 
is, d G S)(niodg) for all q > 1. Call d exceptional if it is admissible 
but nevertheless d ^ 1). Then for some 77 > 0, 

i^{\d\ < N -.d is exceptional} < N^'"^. (1.47) 

Remark 1.48. In the reformulation (1.36), this setup is almost identical 
to that of Zaremba's problem, save the fact that F above is a group 
whereas Qj^ is but a semigroup. It turns out though that there are some 
drastic difference in the two situations. In particular, (1.47) sports a 
full power savings on the exceptional set, whereas (1.32) is not quite 
as strong. 

Below we compare and contrast the two situations in more detail. 

Remark 1.49. Though it may at first appear that there are infin- 
itely many local obstructions to check for admissibility, it follows from 
Strong Approximation [MVW84] that the reduction of F mod q is all 
of SL2{q), for all q coprime to a certain "bad" modulus ®. Here fB is 
effectively computable and depends only on F. Of course, mod q there 
is no distinction between F being a group of semigroup: one imme- 
diately picks up inverses (Fermat's little theorem). So in both cases, 
admissibility is a finite computation. 

Remark 1.50. The above is precisely why Hensley's conjecture, as orig- 
inally stated, fails: for the alphabet of Lemma 1.19, the corresponding 
semigroup ^^ is deficient mod 4. On the other hand, one can readily 
verify Remark 1.20 (that ^2(niodg) is full for all q) from this setting. 
It is also clear now how to properly amend the conjecture: every suffi- 
ciently large admissible continuant should be in 2) ,4 iff the dimension 
of (t^ exceeds 1/2. 

As already mentioned, the starting point of our analysis is the cir- 
cle method and bilinear estimates. These components are largely the 
same here as compared to [BKIO], though we have refined the method 
somewhat, leading to the relaxed condition on 6 from (1.46) to (1.26). 
A more detailed discussion of this refinement is given in the next sub- 
section. 
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One key ingredient in implementing the circle method is the ability 
to execute various counting estimates in F or ^_4, with sharp error 
terms, and uniformity in congruence towers. In the group F case, this 
technology was developed by the authors together with Peter Sarnak in 
[BKSIO], relying heavily on both the spectral theory of infinite-volume 
hyperbolic surfaces (a la the work of Patterson, Sullivan, and Lax- 
Phillips) and on representation-theoretic tools (Howe-Moore decay of 
matrix coefficients). For control in congruence towers, one needs an 
explicit uniform spectral gap, which was established in this context for 
6 near 1 by Gamburd [Gam02]. 

In the semigroup Qj\^ setting, none of the aforemetioned automor- 
phic tools are available. So we replace them here with the renewal 
method in the thermodynamical formalism of Ruelle transfer opera- 
tors (as was already used in establishing (1.12)). The methods of 
Lalley [Lal89] now play a key role for the counting statements, and 
control in congruence towers is replaced by a resonance-free region for 
the "congruence" transfer operator, established recently in [BGS09]. 
Unlike the resonance-free vertical strip known in the automorphic set- 
ting (and in the level-1 transfer operator by work of Naud [Nau05]), 
only a resonance-free region like that towards the Prime Number Theo- 
rem is established in [BGS09] for "congruence" transfer operators. The 
end result is the weaker bound on the exceptional set from (1.47) to 
(1.32). 



1.6. Limitations. 

We make three remarks concerning the limitations of our methods. 

Remark 1.51. Recall that the standard use of the circle method pro- 
ceeds by decomposing [0, 1] into major arcs (frequencies near rationals 
with small denominators) and the complementary minor arcs, whose 
contribution is expected to be of lower order. As explained in [BKIO, 
§1.2 and §1.4.1], this use of the circle method cannot hope to extend 
the above results to a genuine local-global statement: there do exist 
exceptional numbers. But in this indefinite setting, the major arcs are 
always fooled into predicting a large fiber, even when it is empty. This 
means that the minor arcs contribution must at times completely can- 
cel that of the major arcs, and hence is not of lower order. So more 
ideas are needed to go from a small exceptional set a la (1.32) to a 
finite or empty one, as predicted by Hensley and Zaremba. 
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Figure 9. A plot of A^ versus 'i)j^{N)/N'^^-^ for the al- 
phabet ^={1,3} with 6j^ ^ 0.4544890776618. 



Remark 1.52. One may also ponder the flexibility of our methods in 
applications to other problems. In particular as mentioned in Remark 
1.6, McMullen [McM09] made progress on the problem of producing 
many closed geodesies on the modular surface defined over a fixed real 
quadratic number field Q(a//), and supported in a compact domain. 
This is the same as producing many elements in Qa for some A, whose 
traces have square-free part /. Our use of Vinogradov's bilinear esti- 
mates relies crucially on the structure in (1.39) and does not apply as 
it stands to the problem of traces. That said, in [BKllb] we return 
to the group setting of Theorem 1.45, and as a first step, we produce 
many traces in thin groups with large exponent, where the traces have 
a bounded number of prime factors. 



Remark 1.53. The case of 6_a < 1/2, though not falling under the 
purview of Zaremba's and Hensley's conjectures, is still an interesting 
problem, there being a substantial gap between (1.16) and (1.24): 

A^"^^ < T)j^{N) < A^25^. (1.54) 

The major arcs contribution still predicts that each multiplicity is of 
size A^^*^"^, but of course multiplicity is an integer, so for 6 < 1/2, 
the minor arcs contribution must be at least as large. We can still 
interpret this as saying that the multiplicity should be bounded, whence 
the conjecture should be that the upper limit in (1.54) is the correct 
order of magnitude. Again, this showcases the limitations of the circle 
method to such problems. 
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As a preliminary experiment, we investigated the case of ^ = {1, 3}, 
for which Jenkinson-Polhcott give 5_4 ^ 0.454489 .... For A^ going up 
to 200000, the largest multiplicity observed was 10, which occurred 
sporadically. In Figure 9, we show a plot of 1)j\^[N)/N'^^-^ for A^ in this 
range, which seems to confirm our suspicions. Note further that the 
Discretized Ring Theorem [Bou03] can be used to get an exponent gain 
over the lower bound A^*^, as in Theorem 1.43. 

Lastly, note that some results of this paper have been announced in 
[BKlla]. In the next section, we give a more detailed overview of the 
various arguments involved, as well as lay out the rest of the paper. 

Notation. Throughout we use the following standard notation. We 
write / ~ (7 to mean f / g — )■ 1. We use the Landau/ Vinogradov no- 
tations / = 0{g) and f '^ g synonymously to mean there exists an 
implied constant C > such that for x sufficiently large, /(x) < Cg{x). 
Moreover f ^ g denotes f <^ g <^ f . We allow the implied constants 
to depend at most on A, unless otherwise specified. We also use the 
short hand e(x) = e^'^*^'. The cardinality of a finite set S is denoted 
both as ij^S and IS"!, and the Lebesgue measure of an interval X is also 
|X|. Throughout there are some constants c > which may change 
from line to line. 

Acknowledgements. We thank Curt McMuUen for bringing this prob- 
lem to our attention, and Doug Hensley and Peter Sarnak for many 
helpful comments regarding this work. 
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2. An Overview of the Argument 

2.1. Setting Up the Circle Method and Positive Proportion. 

Recall the semigroup ^^ generated freely by the matrices 

1 

1 a 

a & A. We immediately restrict our attention to the set of even words 
in the generators, denoting by 

r = r^ := ^^ n ^uiz) 

this sub-semigroup of Qji,. Every rational (except the number 1) has 
two continued fraction expansions, one of which is of even length, so 
nothing is lost. 

From now on, we also write 5 = dj, for the Hausdorff dimension 
of the Cantor set C^_4, treating A as fixed. For ease of exposition, we 
shall assume from now that A = A = {1,2,. ..,^4}. Since our main 
results require 6 near 1, there is essentially no loss of generality from 
this assumption. 

In light of (1.39), we would like to study the exponential sum 



SN{e):= Yl e{e {^62,62)). (2.1) 



\h\\<N 



Here 6 e [0, 1], and the Fourier coefficient 

RN{d) := SN{d) = / SN{0)e{-d6)d6 = ^ I{(7e2,e2>=rf} 

Jo ^gr 

\h\\<N 

is just the number of appearances of d in 2)a(A^), that is, its multiplic- 
ity. Of course if RN^d) > 0, then d G 1)a- 

Note that by (1.12), 

Sn{0) = J^^Nid) = #9^A(iV) X N^'. (2.2) 

d 

To prove, say, that a positive proportion of d are in 1)a, observe that 
a standard application of Cauchy-Schwarz gives 

#S.(iV) = Y, l(«»M^«> » Trf^- (2,3) 

So 

#D^(iV) » N 
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follows from 

/' \s^{e)\'de « ^^ « N''-\ (2.4) 

Jo ^ 

Bounds of this type will follow from bounds on 



/ \SNm''d9, (2.5) 

JWq^k 

where we have decomposed the circle [0, 1] into the dyadic regions 

Wq,k := I^ = ^ + /3 : g X Q, (a, g) = 1, |/3| X || , (2.6) 

with Q < N^/"^ and K < ^^-q- (Dirichlet's approximation theorem). 

Unfortunately, we do not know how to obtain such strong bounds for 
the function Sn as defined in (2.1). But taking a cue from Vinogradov 
(as we did in [BKIO]), we work with a different function: 

SN{e)= Y. E e(^ (7^62, 62)), 

||7||xivl/2 ||i^||x]Vl/2 

say. Since F is a semigroup, this modified function is a fine substitute 
in (2.3). Moreover, the bilinear nature of the problem, namely that 
(7a;e2,e2) = (1^62, ^762), allows us, in certain large ranges of the pair 
{Q,K) in (2.6), to get the needed cancelation. For smaller values of 
{Q, K), it is beneficial to decompose the sum further as 

Sn{0)= E E E e{e {^00^62,62)), 

7sr uier jer 

||7||xivl/2 ||i^||x]vl/4 ||5||xivl/4 

say, and so on. So we can cover every conceivable range of {Q, K) by 
considering a sum of the form 

Sn{0)= ^ E ■■■ E e(0 (7172 ■■■7762,62)), 

7ier 72Gr 7jGr 

||7lll-ivl/2 ||72||xivl/4 ||^_^||„jvl/2-^ 

where J x log log A^, so that 7j is of large but constant size (indepen- 
dent of A^). Unfortunately, another problem has crept up: we can no 
longer control the size of the long product 71 ■ ■ ■ 7j, which could have 
norm as large as A^ log A^. 

To remedy this situation, we develop a bit of elementary linear al- 
gebra in §3, showing that if the expanding vectors of two matrices 
are close, then their eigenvalues behave nearly multiplicatively. This 
forces us to concoct, for each j = 1, . . . , J, a certain special subset 
Hj C {7 G F : II7II X A^^/^^}, all the elements of which have expanding 
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eigenvectors pointed near a common direction (independent of j). For 
such a construction, we must appeal to Lalley's theorem, recalled in 
§4. We then simply use the pigeonhole principle to make sure all ele- 
ments of Sj have almost the same eigenvalues. Then the large product 
ensemble 

Qn := Si ■ ■ ■ Sj, 

developed in §5, is a well-controlled subset of {7 G F : ||7|| x N}. The 
"correct" definition of Sn{0) is then: 

SNie):= 5^6(^(762,62)). 

We spend §§6-7 proving bounds on (2.5), similar in spirit to those 
established in [BKIO]. These cover all ranges of Q and K, as long as S 
is near 1. So our method diverges here from the usual situation, where 
one typically gets bounds on minor arcs as long as, say, Q is at least N'^ 
or a power of logiV. But in our analysis, the entire circle is treated as 
minor arcs. The details are worked out in §8, where (2.4) is established 
for the value A = 50, thus proving positive proportion. Theorem 1.25. 

One caveat in the above is that the bounds proved in §§6-7 require 
the representation of 7 G Qn to be unique, that is, if 

7 = ^16 ■ ■ ■ O = ^i^2 ■ ■ ■ C 

with ^j, ^j G Sj, then ^j = ^'j for all j. The semigroup F is freely gener- 
ated (this follows from the uniqueness of continued fractions, together 
with the fact that F contains no parabolic elements). So each 7 G Qn is 
uniquely expressible as a word in the generators. But a priori it might 
be the case that, say, ,^1 = XYX, (,2 = Y , and ^'i = XY = ^,2- Then 

7 = 66 = {XYX)Y = {XY){XY) = ^1^2 

is a counter example to uniqueness. Note though that this cannot 
happen if each ^ is restricted to having the same wordlength. So we 
add this restriction (again by pigeonhole) to each element of Sj, in 
addition to controlling its expanding eigenvector and eigenvalue. The 
loss in the cardinality of Ej, only a few log's, is inconsequential. 

2.2. Density One. 

In (2.4), we treated the entire circle as "minor arcs." To go beyond 
positive proportion to density one, we need to control some major arcs, 
which can be arbitrarily small. That is, instead of bounding from above 
the contribution to (2.5) for every pair {Q, K), we look for a bound from 
below as both Q and K grow arbitrarily slowly with A^. 
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In fact, we switch our approach in §10 from studying the exponen- 
tial sum Sn on the circle, to studying the representation numbers Rn 
directly. We need to establish lower bounds for the conditional expec- 
tation of Rn with respect to a partition of Z into sets of the form 

A^ A^\ 
(/c — 1) — , k— n {n G Z : 77, = a(modg)}, 
K K J 

where q < Q and k = 1, . . . ,K. This is what we mean by requiring 
good equidistribution properties for both modular and archimedean 
restrictions. (Of course for the modular equidistribution to hold, the 
semigroup T must surject onto SL2(g). It is here that we use Strong 
Approximation, see Remark 1.49.) 

It is not obvious how to establish such equidistribution from the 
ensemble Qn as it stands without invoking some heavy machinery (as 
we will do later). Since our goal is to present an argument which is as 
elementary as possible, we take a different route. We make a tweak to 
the construction of Qn, creating in §9 a new ensemble Qn of the form 

tlN = ^E,E2--- Ej. (2.7) 

Here the size of Si has been cut down a bit to Si to make room for 
a special set K concocted in §9 so as to force the resulting representa- 
tion function Rn to have all the necessary equidistribution properties. 
The reason we are able to concoct the special set K without resort- 
ing to more powerful techniques (such as those described in the next 
subsection) is that we only need a qualitative statement here, not quan- 
titative. So there will be an enormous disconnect between the sizes of 
the elements in K versus its cardinality, but this is acceptable for our 
current purposes. 

Note that in the process of altering Q^ to Cl^, we have done nothing 
to the minor arcs estimates established in §§6-7. Equipped with this 
altered ensemble, we deduce Theorem 1.29 in §10, that is, we prove 
that Zaremba's conjecture holds for a set of density one. 

2.3. Small Exceptional Set. 

To go from a density one set to a small exceptional set as in Theorem 
1.29, we return in §13 to the exponential sum Sn and the traditional 
"major arcs," now allowing ourselves all available tools. Here we need 
lower bounds of the correct order of magnitude for the "main" term 



MNin) := / SNi0)ei-w 
JmQ 
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for all n ':< N, where VJIq is the set of major arcs: 



Q a Q 

q N'q N 



2««=U U 

g<Q (a,q)=l >- 

Here Q is of size A^^/'°s^°g^. A key ingredient is to show that for q in 
this range, the function Sn essentially splits into two pieces, 

Sn(^ + (3] ^u,{a)-wiP), (2.8) 

where Ug is a purely modular term and w is an archimedean one, which 
has the right order of magnitude on balls of certain size. It then follows 
that the main term AiN{n) also splits as a singular series times a 
singular integral 

A^Af(ra) ^ &{n)I[N{n), 

where (cf. (1.14)) 



j-j-v p^_]^/j.j.\ p ^ I I log log n 

p\n p\n 



1 
> 



and 






N 



for n^ N . 



We almost get all of this control from the renewal method in the ther- 
modynamic formalism. Specifically, we use the meromorphic continua- 
tion of the "congruence" transfer operator established in [BGS09], and 
the extension from square-free moduli to arbitrary moduli in [BVll, 
GVll]. These results are reviewed in §11. 

Using this technology, we will obtain again a special set K (like the 
one in the previous subsection) from which we will deduce good equidis- 
tribution properties. One problem is that these methods give good 
equidistribution for q relatively prime to a fixed "bad" modulus ®, de- 
pending only on A. But since ® is fixed, we can again use the methods 
described in the previous subsection, developing an ensemble of the 
form (2.7), where the set K is now designed to overcome ®. This con- 
struction is carried out in §12, and used in §13 to complete the proof 
of Theorem 1.31. 

In the appendix, we use the sum-set structure discussed in Remark 
1.41 to give a small improvement over (1.24) for A = 2, establishing 
Theorem 1.43. 

This completes our overview of the paper. 
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3. Preliminaries I: Matrix Products 

In this section, we develop some tools in large matrix products, rem- 
iniscent of the avalanche principle, see e.g. [Bou05, Ch. 6] or [GSOl, 
§2]. Recall that F = F^ is the semigroup generated by even words in 

1 

1 a 

1 < a < A. An easy induction shows that for 7 = ( " d) ^ T^, 77^/, 
we have 

1 < a < min(5, c) < max(6, c) < d. 

We use the Frobenius norm: 



II7II := Va2 + 62 + c2 + (P. (3.1) 

Note that the trace and norm are comparable: 

II7II < 2tr7 <4||7||, (3.2) 

as are the norm, sup-norm, and second column norm: 

II7II00 = d< 1762! = VW+~(P < II7II < 21762! < 4||7||oo. (3.3) 

For 7 G F, let the expanding and contracting eigenvalues of 7 be 
A+(7) and A_(7) = l/A+(7), with corresponding normalized eigenvec- 
tors ^+(7) and f-(7), so 

^^^^^ ^ tr(7) + v/tr(7)2-4 

Write A = A+ for the expanding eigenvalue. Note that for all 7 G F, 
the eigenvalues are real, and A > 1 for 77^/. We require the following 
elementary but very useful observation. 

Proposition 3.4. The eigenvalues of two matrices 7, 7' G F with large 
norms behave essentially multiplicatively, subject to their expanding 
eigenvectors facing nearby directions. That is, 



A(77') = A(7)A(7') 



l + 0( |t;+(7)-t;+(7')| + ^ + 



,,9 II / II 9 



(3.5) 

Moreover, the expanding eigenvector of the product 77' faces a nearby 
direction to that of the first 7, (and the same in reverse), 

1 1 

\v+ill') - v+{-f)\ < —-^ and Iv-i-f-f') - v^-f')] < ——^. 

rY rY 

(3.6) 
The implied constants above are absolute. 
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Proof. For 7 large, we have: 

tr(7) + v/t^ 



A(7) = A+(7) 



tr(7) + O 



1 

I7I 



and 



(3.7) 



^+(7) 
^-(7) 



(^^+(7) -a) 



v/&2 + (A+(7)-a)2 Vfe^T^ 
(d-A_(7),c) i-d,c) 



ib,d) ^^( 1 



|7| 



Note that for 7 large, 



+ 



|7| 



(^+(7),^-(7)^> 



hc^d^ 



O 



1 \ 1 



(3i 



V&2 + rfVc2 + rf2 VII7I 

meaning that the angle between expanding and contracting vectors 
does not degenerate for 7 G F. 

By (3.7), it is enough to show that the traces behave essentially 
multiplicatively. We compute: 

|tr(77')-tr(7)tr(7')| = \{aa' + be' + cb' + dd') - {a + d){a' + d')\ 



< 



< 



d 
d' 
d 



bc'd' 



d 
d 
d' ' d 



d 
l + c' 



— ad' 
bd' 



+ 



d' 



d 



d 



b' 



d d' 
7 + -7 + {cd' + c'd) 



cb'd 

d' 

b b' 
d^d' 



ad 



l + c 



b'd 



We clearly have 
b _ b' 
d^ d/ 

and hence 



^+(7) -^+(7)1 + 



tr(77') - tr(7)tr(y)| < dd' \v+{-f) - v+{-f')\ + ^ + 



I 119 II / II 9 



1 



1 



„/||2 



From this and (3.7), (3.5) follows easily. One proves (3.6) in a similar 



fashion. 



D 
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4. Preliminaries II: Distributional Properties 

In this section, we recall the thermodynamic formalism of Sinai- 
Bowen-Ruelle [Sin72, Bow75, Rue78] transfer operators. 

We first set up the general symbolic dynamics. For a finite alphabet 
L := {1, 2, . . . ,£} with the discrete topology, let E be the space of all 
one-sided sequences in L, 

S := {x = (xo, Xi, . . . ) : Xj G L}, 

given the product topology. In our application, all transitions will be 
allowed. For an x G S and M > 1, we define the cylinder set 



„M 



X 



{l/GS:y,=x,forallj=0,l,2,...,M}. 



For any < p < 1, we put a metric on S by defining 

dp{x,y) :=/^ 

where M is largest integer for which y G x^''^; that is, the first M terms 
of X and y agree and the (M + l)st do not. Let C(S) be the space of 
continuous, complex- valued functions on S, and let J-'p be the subspace 
of Holder-continuous functions, 

J-, := {/ G C(S) ■.3K>0 such that ^x,y G S, \f{x)-f{y)\ < K-dp{x,y)}. 

Define \f\p to be the infimum over such K, and oo if no such K exists. 
Then the space J-'p, endowed with the norm || ■ ||p := | ■ |p + || ■ ||oo is a 
Banach space. 

Let cr : S — )■ S denote the forward shift on S, {crx)j = Xj+i. For 
f,gE Tp, define the transfer operator £/ : C(S) — )■ C(S) by 

L^.gix) := Y. ^^^'^9{y)- 

If / is real-valued, then Cf is positive. Ruelle's theorem states that 
there is a simple largest eigenvalue A/ > of £/ with strictly positive 
eigenfunction hf, and a Borel probability measure Vf on E satisfying 
C*fi'f = ^fT^f- The rest of the spectrum is contained in a ball of strictly 
smaller size. The pressure functional satisfies P{f) = log A/. All of 
this can be found in, e.g. [PP90]. 

We now specialize to our situation. Since the semigroup Qa is gen- 
erated by the A elements I , ) , 1 < ct < ^, the index two sub- 
semigroup r is generated by products of pairs of such. Note that 

OlWOl\_/l b 
1 a ) \ 1 b ) ~ \ a ab+1 
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Set i = A^, and label each generator j a i i 1 °^ ■'^ arbitrarily by 

a unique letter in the alphabet {!,...,£}. Then we identify F with the 
set S^, of all finite sequences in the alphabet L, and identify S with the 
limiting Cantor set C = Ca- 

Let EI denote the standard upper half plane with center i and the 
usual action of SL2(M), and let dn be hyperbolic distance. Extend the 
shift map a to S*, and for a; G S* define 

t{x) := dH{xi,i) — dH{crxi,i). (4.1) 

In the above we have abused notation, writing x for both the element 
in S^, and the corresponding matrix in F C SL2(Z). Two functions 
/, g are said to be cohomologous if there is a third function h so that 
f — g = h — aoh] then r is a coboundary (that is, cohomolous to zero). 
This is convenient, since, denoting by 

^„/:=/ + ao/ + ...a"-io/, 

we have the telescoping sum 

SnT{x) = dni^i, xi) — dnii, a'^xi). (4.2) 

For a function : S* — )■ M, a point a; G S*, and a parameter T E"^, 
define the counting function 

oo 

N^{T,x):=Y, E 0(?/)l{5„.(,)<T}. (4.3) 

Here the n sum is a grading over the wordlength attached to the front 
of X. In light of (4.2), and again abusing notation between F and S^,, 
we have 

N^(T,x) = y ^ (j){jx)l{dH{i,^xi)-dH{i,xi)<T}- 

Such a function can be used for a number of counting statements, for 
example setting x to be the identity and = 1, N(T) is a count for 
the number of elements in F in a hyperbolic ball of radius T. 

Returning to (4.3), we separate out the term corresponding to n = 
and make a change of variables n i— )■ n — 1 in the remaining sum. This 
leads to the renewal equation 

iV^(T,x) = 0(x)l|T>o}+ J2 N^iT-riy),y). (4.4) 

Then the Laplace transform converts study of the counting function 
N(T) into a study of the transfer operator (actually its resolvent), as 
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follows. For yic(s) ^ 1, define: 



/oo 
e-'^N^iT,x)dT. (4.5) 

-oo 



Applying the renewal equation (4.4) gives the functional equation 

-<Kx) 

s 






-0[X] 



f^ — ST • -^ (ji\^ •; •^ 



S 

Hence, writing the resolvent operator IZs := (/ — £_sr)~^, we have 

F^(.,x) = -7^,^. 

Because r is eventually positive, the pressure functional P{—st) = 
log X-sT is strictly decreasing as s decreases along the real numbers, 
and has a unique zero. In fact this zero occurs exactly at s = 6 = 6a, 
the Hausdorff dimension of the Cantor set €. Hence X-St = 1, and the 
resolvent T^s, meromorphically continued to a neighborhood of 6, has 
a simple pole aX s = 6, see Lalley [Lal89]. Lalley proves further that 
the resolvent has no other spectrum on the line 9^e(s) = 6, and hence 
a standard Tauberian argument leads to the following. 

For 7 G r, we abuse notation and identify the expanding vector 
f+(7) = {x,y) with the point x/y G [0, 1]. 

Theorem 4.6. Let n be the Hausdorff measure on €a of dimension 
6. Let X C [0, 1] be an interval whose boundary does not intersect the 
limit set Ca- Then there exist e,C > (independent of Z or N) such 
that 

#{7 G r : II7II < A^, and v+{^) G X} = C-N^^-^{I)+0{N^^-'), (4.7) 

as N ^^ 00. 

In fact, Lalley only gives an asymptotic formula for the count in a 
ball, with no restriction on the expanding vector. The count in a sector 
is executed in Sharp [ShaOl], again without error terms. The methods 
of Dolgopyat [Dol98] and Naud [Nau05] give the rate with a power 
savings gain. 

Of course if X is centered at a density point in €.a, then /i(X) ^ 
|X|^+^, so the estimate (4.7) is non-trivial for |X| as small as A^""^ . Our 
applications do not require anything this delicate; we only take |X| to 
be of size 1/log A^. 
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Lemma 4.8. For any density point x G €a, the semigroup T con- 
tains many elements whose expanding eigenvectors are within a ]^^- 
neighborhood of x, that is, 

r 1 1 Ar25 

# < 7 G r : II7II < iV, and \v+{'j) - x\ < )■ > 



logiVj logA^ 

as N ^ 00. 

(Recall that our implied constants can depend at most on A without 
further specification.) This crude lower bound on the count is sufficient 
for our applications, which we set up in the next section. 
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5. Setup and Minor Arcs Decomposition 

5.1. The ensemble H(L). 

Let A > 2 and F be as in §3. Once and for all, fix a density point 
X e Ca- 

In this subsection, we construct a certain ensemble 'E.{L\M,x,k) C 
r. Here M > 1 is a large input parameter which controls the norm ||7|| 
of 7 G S. The parameters L and k control the expanding eigenvalue 
A (7) and wordlength ^(7), and are output during the construction of 
S. Of these, L (roughly of the same size as M), is the most important. 
For this reason we will often write S(L) = S(L; M, x, /c), so that the 
input parameter M is implicit. 

(1) First take the set 5*1 C F of all elements 7 G F with norm 

controlled by 

M „ „ ,, 
— < 7 < M. 

We have by (1.12) that 

(2) Next we use the point x G ^a- Let 5*2 C 5*1 be the set of 7 for 
which the expanding vector ^+(7) is within ^^^^^ of the (unit) 
vector 

(a;, 1) /. n 

" = '"' ■= VTT^- "■'> 

From Lemma 4.8, we have that 

#S2» 



logM 

So all of the expanding vectors in S2 are pointing in nearly the 
same direction. 
(3) By (3.2) and (3.7), expanding eigenvalues A(7) of 7 G 6*2 satisfy 
(assuming M > 100) 

jM < A(7) < 4M. (5.2) 

Hence we can find (by pigeonhole) an L in this range so that 

i^{ieS2:L(l~-—]< A(7) < L} » 



log Ly (logL)2' 

Call the above set 5*3; its expanding eigenvalues are all nearly 
of the same size. 
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(4) Lastly, note that the wordlength metric £ is commensurable 
with the archimedean one, 

%)xlog||7||, (5.3) 

with implied constant depending on A. So (again by pigeon- 
hole) we can find some k such that 

7-2(5 

#{7 G ^3 : iil) = k} » ^j—y^. (5.4) 

Call this set 5*4; then the elements of S4 all have the same 
wordlength, in addition to the previous qualities. 

We rename this last set S^ to S(L) = S(L; M, x, k). In summary, we 
have from the above construction that for any 7 G S(L), 

\v+{:i)-v\<^- -, (5.5) 

logL 

and 

and that moreover the size of S(L) is large. 

Recall again the the implied constants depend at most on A, which 
is thought of as being fixed throughout. 

5.2. Decomposing N and the ensemble Vt^- 

We return to our main parameter N , and decompose it inductively 
as follows. 

Fix some a; G (T^ once and for all, and attach to it f = v^ as in (5.1); 
the same v will be used throughout this paper. 

Setup: Start by setting M = yN . Run the algorithm of the previ- 
ous subsection to generate the set S(L; M, x, k). By (5.2), the returned 
parameter L satisfies 

L = aiM = aiN^/\ 

with 

aiG (1/4,4). 

(Recall the parameter k is irrelevant and can be discarded.) Write 
and rename the returned set to Hi. 
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Step 1: Next we set 

^1/2 ^1/4 

tti a{ 

and generate another set S(L; M, x, k\ Define 



N2:= L = a2M 



•\" 



with a2 G (1/4,4), and rename the returned set to S2. 
Induction: Let 2 < j < J — 1, where 

J = clog log A^. (5.8) 

Here the constant c is absolute, determined by (5.14) independently of 
A^ (large). Set 

n- • -, 1/2 1/4 / \i /oO-l) ' 

"j-1 Q;j_ia;j_2 ■ ■ ■ ("i) ' 

and generate the set S(L; M,x, k). Define 

a,ArV2^- 

with ftj G (1/4,4), and call the returned set Sj. Note that 

-N'/^' <N,<lQN'/'\ (5.9) 

16 ^ ^ ^ 

End: For the last step, j = J, we set 

"K-i)^"a,_,(a,_.)V2...«V2(-)' 
and generate one last set S(L; M, x, k). Define 

^V — ^ IT^u^' 

and rename the set to Hj. Since \ < Nj /M = aj < 4, we have 

^^^;^%^<4. ,5.10) 

We now define the main ensemble Vt^ by concatenating the sets Sj 
developed above. 

^AT := Si H2- --Hj-i Sj. (5.11) 
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5.3. Properties of Vliy. 
For 7 G Qn, write 



7 = 6 6 ■ ■ ■ O 



according to the decomposition (5.11). Note that by the fixed wordlength 
restriction (5.4), this decomposition is unique. Recall that the expand- 
ing vectors w+ all point nearly in the direction of f in (5.1). 

Lemma 5.12. For any 1 < ji < J2 < J and C,j^ G H^^, ■ ■ ■ ^j^ G Ej^, 
the expanding eigenvalue of the product satisfies 

1 ^ -^(OiOi+i • • -^j2-i^j2) ^ 2 

In particular, for 7 G Qn, we have in light of (5.10) that 

1 A(7) 
8 A^ 

Proof. Note first that if ji = J2, the result follows immediately from 
(5.6), for Nj is sufficiently large. For j G [ji, J2], consider 

I ^+ i^j^j+i ■■<J2)-v\ < \v+ i^j^j+i ■■<n)- v+ i^j )\ + \v+{Q-v\ 



< 



iie.p iog|ie,i 



< 



log AT, 



(5.13) 



where we used (3.6) and (5.5). 

Next we apply the above together with (3.5) and (5.6). 



A(00+i---^, 



J2y 



A(0)A(^. 



i+i 



OJ 



-1 



1 
+ 



iie.ip Uhi---W 



< 



1 1 1 

+ ; ^r — + T7^ + 



logiV, logiV,+i Nf A(0+i---OJ'' 



Setting j = J2 — 1 gives 



1 + 



1 111 

iogiv,,.i + iogiv,, + ivj:; + iv| 



N,2-lN:, 



j2-i^'j2 



1 + 



1 

log AT 



i2-i 



log AT, 



J2 
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Iterating, we obtain 



1 + 0- ' 



log% 



AT. N- ^^ ■ ■ ■ N- ^N 



J2 



+ 



1 + 



1 



logiV,,_i 
2^ 



+ 



logiV 



(5.14) 



where we extended the sum in the error to all of 1, . . . , J and used 
(5.9). We now choose the constant c in (5.8) sufficiently small that the 
error above is less than 1/2 (for A^ sufficiently large). D 

As a consequence, we have that for all 7 G Qn, 

hll < 2A(7) < 16N. (5.15) 

Note also that 

#^W = #2l ■ #^2 ■ ■ ■ ■ #Sj 

^1 



> 



> 



{\ogN,)^\ogN2r 

^2S 



{Njf' 



{\ogNjf 



{\ogNf-J' 
In light of (5.8), there is an absolute constant c > so that 

The implied constant above depends only on A. 



(5.16) 



5.4. The exponential sum, and decomposition of the circle. 

For 9 G [0, 1], define the following exponential sum Sn{6)'- 

8^(6)= 5^e((7-e2,e2)^). (5.17) 



7eOjN 



We now decompose the circle [0, 1] into dyadic regions 



W, 



Q,K 



- + /3:^g<g<Q,(a,g) = i,^< 



< 



K 

N 



(5.18) 
where Q and K are parameters in ranges Q < viV and K < ^. It 
remains to bound /^ |S'jv(^)p(i^. 
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6. Minor Arcs Analysis I 

In this section, we give two bounds for Sn{0), similar to Theorems 
5.1 and 6.1 of [BKIO]. 

6.1. The bound for K large. 

We will first bound J^y \SN{0)\'^d9 by pulling out the largest value 
of the integrand and multiplying by the measure of the domain, which 
< Q^f . To get the desired bound of iV^'^-i (see (2.4)), we need to 
bound the sup norm of S^ on Wq^k by a bit less than N'^^ /{K^^'^Q). 
We will win by an extra K^^"^. 



Proposition 6.1. Let N be a large parameter growing to infinity. 

'^Q <q <Q < iVi/2 and |f < |/3| < §, 



Write 6 = ^ + (3, where \Q < q < Q < N^'"^ and |f < \P\ < ^ 



with K < N^/yq. Then 

t25 






as A^ —!■ oo. 



Proof. This is a simplified version of Theorem 5.1 in [BKIO]; we repeat 
the arguments. 

Note that (5.11) allows us to decompose 

fijv = Si(S2S3---Hj) = Si-fi'. (6.3) 

Then by (3.3), (3.2), (3.7), Lemma 5.12, and (5.9), we have for 7 G Si 
and cu G fl' that 

1*7621,1^^62! < 50 A^^/l (6.4) 

Note also from (5.7) that 

#Hi,#fi'<iV^ (6.5) 

Then we can rewrite 3^(0) as 

xez2 j;ez2 
where /i and z/ are image measures in Z^ defined by 

H[X) . / ^ -l-{x=*7-e2}5 
7^=1 

and similarly 
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The projection v is clearly 1-to-l, since the continued fraction of a 
rational is unique (as a word of even length). The map /i is also 1-to-l, 
since Q is preserved under transposition, *(? G ^ for (7 G ^ (since its 
generators are fixed by transposition). Hence we have 

||/U||oo < 1, ll^^lloo < 1- (6.7) 

Note that for any y^y' G supp i/, we have from (6.4) that \y — y'\ < 
lOOiV^/^. Decompose u into 100000 blocks v = ^^ u^ so that for each 
a and any y, y' G supp Ua, 

\y-y'\<^N'/'. (6.8) 

Write |^^(^)| < Ea ISPm, where 

X y 

We will bound each such S)^ independently of a, so we drop the a 
dependence, only using the bound (6.8). 

Let T : M^ — > IR+ be a smooth test function which exceeds 1 on the 
square [—1, 1] x [—1,1], and has Fourier transform supported in a ball 
of radius 1 about the origin. Apply Cauchy-Schwarz in the x variable, 
insert T, and open the squares: 

/ \ 1/2 / \ 1/2 

\SN{e)\« [J2Ax)] [J2'^{^^)J2''iy)J2''iy')e{{x,y-y')i 

\ X / \ X y y> 

The first parentheses contribute N^^'^ by (6.5) and (6.7). To the last 
sum on X apply Poisson summation, recalling the support of T: 

15^(^)1 «iv^/^ [Y.^{y)Y.^{y) N i|,|(,_,,)„|<_^J . (6.9) 

\ y y' '' J 

Here || ■ || is the distance to the nearest lattice point in J?. For such 
y,y' , 0, we have 

\\iy-y')-^\\<\\iy-yy\\ + \y-y'm<^, + lNy^§<^, 

where we used (6.8), Q < iV^/^ ^nd K < N^/'^/Q. Then q<Q forces 
-l/')fll=0, or 

y = y'{(i)- 
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This being the case, we now have 

^ >\\{y-y')e\\ = \{y-y')^l 



50ArV2 



that is, 



\y~y'\ < 



iVV2 
K ' 



In summary, we have 

\Sn 



1/2 



V y y' lly-!/'l«^ 

where we used (6.7). Using Q < ^^j^ and the crudest bound on the y' 
sum gives 

2\ 1/2 



is^m « N^'^^y' [J2r^iy) 



iVl/2 



< 



jV^+i 



as claimed. D 

The bound (6.2) is aheady conclusive if i^ is a bit larger than A^2(i-(5)_ 
Theorem 6.10. Assume Q < N^'"^ and K < N^'^/Q. Then 



\S 



N 



''de<^ 



N 



'Wq,k 

Proof. We bound trivially using (6.2): 

K 

and the claim follows from (5.16) 



jY2(l-5)gC(loglogAf)2 

K 



AjS+l \ 2 



K 



D 
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6.2. Another Bilinear Forms Estimate. 

Our next goal is the analogue of Theorem 6.1 in [BKIO]. We intro- 
duce the cross-section of Wq^k for fixed (3: 

PQ,p:=lo = ^ + f3:^Q<q< Q, (a, q) = 1 

We will bound using (6.2), giving essentially 



'Af 



/ \Sn\ <sup|5jv|— sup > |5iv| < ^^TP^sup > |5/ 

The trivial bound on Ylip \Sn\ is of course N^^Q"^, so we need to save 
a little more than a power of Q to get our goal bound of N^^~^, see 
(2.4). This is achieved by exploiting the extra structure in the a and q 
sums, as follows. 

Proposition 6.11. Assume that Q < N^/'^ and K < N^/'^/Q. Then 
for all e > 0, 



Q^l'^ Qm 



(6.12) 



Proof. The proof is identical to that of Theorem 6.1 in [BKIO], but we 
reproduce it for the reader's convenience. 

We again use (5.11) to decompose VLn into pieces, now grouping by 

fi^ = (HiH2)(S3---Hj)=fi'-fi". 
As before, we have for 7 G fi' and u G ^2" that 

1*762! < 300A^/^ and l^esl < 2000A^/^ (6.13) 

Also from (5.7), we have 

#fi'<A=^''/2 ^^^ i^Q"<^N^/\ (6.14) 

Again we define the measures /i and z/ on Z^ by 

7en' 

LU&Q" 

with yU, z/ < 1. For any two elements y, y' in the support of u, we have 
\y — y'\ < 4000^^/"^. Hence we again decompose u = J^a ^" so as to 
make the difference 

\y-y'\<^—N^/\ (6.15) 
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for y^y' in the support of Ua- Writing 

X y 

and dropping the subscript a, we proceed to bound 

= E E cwEEm^)^(^m^(^'2/))' 

g~Q (a,g)=l x y 

where C, has modulus 1. Recall the bump function T which is at least 
one on [—1, 1]^; assume now that its Fourier transform is supported in 
a ball of radius 1/40 about the origin. Now apply Cauchy-Schwarz in 
the X sum and (6.14), insert the function T, reverse orders, and apply 
Poisson summation: 






where 



«^''"* (1:^(35^ 



E E c(<')E''(s')^(''<^'!')) 

g~Q {a,q)=l y 



-300Ar3/4, 
« iv3(^+i)/4 ;t'i/2^ (6.16) 



2v 1/2 



-^ = '^Q^/^ - E E E E E E Ky)Ky )ij 

I"" - " 12000iV- 

(6.17) 



'i\\ys-y'8'\\< ^-5tt)' 

, , , l"'^ '' " 12000iv3/Tj 

q q' a a' y y' 



Here 9' = ^ + /3; note that /3 is the same for 9 and 9'. 



g 



Remark 6.18. If we try to proceed as before, forcing Wya/q—y'a'/q'W = 
and \{y — y')(3\ <^ 1/A^^/'', this will require us to take the pair {Q, K) in 
the range KQ^ <^ N^/^ while also needing KQ <^ N'^/^. This restricts 
the range of Q to only Q < N^^^, whereas we need savings for the full 
range Q < N^/"^. So instead, we will show a determinant-type condition 
that yiy'2 — y2y'i = modulo both q and q'. This relies crucially on the 
fact that y e Z^; if we instead had only |/ e Z, this approach would 
not work. 

Write y = (2/1,2/2) and the same with y'. Consider the innermost 
condition in (6.17): 

\\yi0-y[0%\\y29-y',9'\\<^^^l^^. (6.19) 
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Recall that y = 762 for some (non-identity) 7 G F, and the same for 
y'; hence we have 

?/l|/2|/i?/2 7^ 0. 

Also note using (6.19), (6.15) and \/3\ < K/N < 1/{N^/^Q) that 

1 iVV4 



a I a 

yi--yi- 

q q' 



<llz/i^-l/'i^'ll + l(l/i-l/'i)/3|< 



and similarly with ^2; 2/2- 

Let y := ( ^^ ^} 1, so that 
2/2 2/2 



12000A^3/4^10000Ari/2Q' 
(6.20) 



y := det(F) = y^y'^ - y'^y^. 
Observe then by (6.20), (6.13), and Q < N^'^ that 



(6.21) 



y- 



< 



a I a 

2/2 \yi--yi- 

' q q 



a a 

y'l 1 2/2- -2/2- 

* q' q 



< 2000A^^/^ 



1 



+ 



iVl/4 



12000Ar3/4 i0000A^i/2Q 



X 2 



< 



Q' 



Of course this forces y = O(modg). The same argument gives y = 
O(modg'), and hence we have 

3^ = 0(modq), (6.22) 

where ^Q < q < Q^ is the least common multiple of q and q'. 

Decompose X in (6.17) as A" = .Yi + ^"2 according to whether 3^ = 
or not; we handle the two contributions separately. We will prove 



Lemma 6.23. For any e > 0, 

and 



Ar3/4 



+ Q- 



Lemma 6.24. For any e > 0, 

X2 <e N^^'Q. 

We momentarily postpone the proofs of these two Lemmata. First 
we use them to finish the proof of Proposition 6.11. 
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Returning to (6.16), we have 






1/2 



from which the claim follows using Q < N^^"^. D 

Now we establish the Lemmata separately. 
6.2.1. Bounding X2: the case y ^ 0. 
Proof of Lemma 6.24- Note from (6.13), (6.15), and (6.21) that 

13^1 < \yiiy'2 - 1/2)1 + 1(2/1 - y[)y2\ < 2000ivV4_L_ArV4 ^ 2 < N'/'. 

Since q | y and 3^ 7^ 0, we have 

q < min(Q2, Ari/2) < QN^/\ 

Then (6.20) and Q < N^'^ forces 

yi--y;^ = 0(modl), (6.25) 

q q' 

and the same holds for 1/2,2/2- Let q := (g, g') and q = qiq, q' = q'lq so 
that q = qiq'iq. Then (6.25) becomes 

1/1 agi = yia'gi(modq), 

and the same for 2/2,2/2- Recall a and g are coprime, as are a' and q'. It 
then follows that gi | 2/1, and similarly, gi | 1/2. But since 2/ is a visual 
vector, (2/1,2/2) = 1, forcing gi = 1. The same argument applies to q[, 
so we have q = q' = c\- Then (6.25) now reads 

yia = 2/ia,'(modg), (6.26) 

and similarly for 2/2,2/2- 

Hence, once we fix y,y' G Q"e2, the value of y is determined, and 
g I 3^ leaves at most A^^ choices for g. Then there are at most Q choices 
for a, from which a' is determined by (6.26) (again using that y and y' 
are visual vectors). 

Then using (6.14), X2 is bounded by 

^2 « E'^(^)E^(^') E E 1 (6.27) 

S/ y' 9|y a(modg) 

^Q<q<Q 

<, (iV'^/2)'iV^Q, 
as claimed. D 
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6.2.2. Bounding Xi: the case y = Q. 

Proof of Lemnna 6.23. The condition 3^ = implies yi/y2 = Z/i/z/2- 
Recall that rationals have unique continued fraction expansions (of 
even length), and thus y = y' . The bottom line savings from this fact 
is at most N^'^., whereas we need to save a bit more than Q, which can 
be as large as N^/"^. 



Let A^' := y^w^N^^^- The condition (6.19) then becomes 



yi 



q q' 



< 



N' 



(6.28) 



Let {yi,q) = V and {yi,q') = v' with q = vr. Assume without loss 
of generality that v < v'. Fix y (for which there are N^^'^ choices) 
and v,v' \ yi (at most N'^ choices). There are ^ Q/v' choices for 
q' = O(modf'), and then ^ Q choices for {a',q') = 1. Write ip for 
l/ia'/g'(modl), which is now fixed, and write yi = vz with {z.,r) = 1. 
Then (6.28) becomes 

1 



^ 



< 



N' 



Let Uz be the set of possible fractions y^(mod 1) as r varies in Q/{2v) < 
r < Q/v, and a ranges up to Q subject to (a, vr) = 1. Note that distinct 
points u eUz are separated by a distance of at least v'^/Q'^. Hence the 
size of the intersection of U? with the interval 



1 



1 



contains at most ^;^ + l points. Once u = f/r G Uz is determined, so is 
its denominator, that is, r is determined. Also a(modr) is determined 
(to be /), hence a(modg) has v possible values (recall q = rv). 

In summary, we use (6.14) again to bound Xi by: 






E 



E 1 



,v'\yi q'=0{raoAv')(a',q')=l f /r&u,n[i,-^,i,+^] _"<;'., 

v<v' a—rv ■' ^ ' 



v.v' \y-i 



«, iv'/^iv.<3^ (-^ + 1 



as claimed. 



D 
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With the Lemmata estabhshed, we have completed the proof of Pro- 
postion 6.11. 

6.3. The bound for Q large. 

Lastly, we input this bound to get another bound on the main inte- 
gral, one which is favorable as long as Q is a bit bigger than A^^(i~^). 

Theorem 6.29. Assume that Q < N^^'^ and KQ < N^/"^. Then for 
any e > 0, 

Proof. Write 
/ \SNm^de « sup |5;vW|-^sup V \Sn 



N^-^\ K 

N 



«e N''('j—\.i,(N''Q'N'-'-^^ 



1 



Q3/2 gjYl/8 



< A^45-1^2(l-5)+e 



1 1 



Ql/2 JVl/8^ 

where we used (6.2) and (6.12). The claim follows from (5.16). D 

It remains to handle the regions when both K and Q are very small, 
less than N^ for e near zero. 
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7. Minor Arcs Analysis II 

We now push the methods of the previous section down to the level 
of Q and K being of constant size. We again do this in two stages. But 
first we record the following counting bound. 

Lemma 7.1. For (qKY^^^ < Y < X, and visual vectors 77,77' G Z^ 
(meaning their coordinates are coprime) with \r}\ x X/Y and \ri'\ x Y , 

# <^ 7 G SL2(Z) : II7II X F, I77/ - ri'\ < y^, and 77/ = 7/'(modg) f ^ ( "^ ) 

The implied constant is absolute, depending on the implied constants 
above. 

Sketch of proof. Write G(Z) = SL2(Z) and let Gn{q) be the stabilizer 
of 7] mod q: 

G,(g):={7GG(Z):7r/ = r/(g)}. 

Then G(Z) = (G(Z)/G^(g)) x G.^{q). Let R = Ry,k denote the region 

R:={ge sum ■ M ^ Y. \9V - VI < X/{YK)}. 
The result in [BKSIO]^ gives an estimate of the form 

7eG(Z) u(iGC£)/G^{q) 7'6G^(9) 

<e 2^ lc.»7='?'(mod9) ( ( -^ 1 +^ 

^GG(Z)/G^(g) V ^^ ^ 

« (^)%r-«. 

where G = 1/2 + 7/64 is the best known bound towards the Ramanujan 
conjectures [KS03]. (We apply the argument to a smoothed sum.) The 
first term dominates as long as {qK^ < y25/32-e^ ^^^^ ^j^^ claim follows 
using 64/25 + e < 65/25 = 13/5. D 

Remark 7.2. Recall we will not try to optimize the final value oi A, so 
allow ourselves to be a bit crude in the above for the sake of exposition. 
Keeping epsilons will give a final value of 5 > 1 — 25/1536 ~ 0.9837, 
and even assuming Selberg's 1/4 conjecture will only give us a final 
value of 5 > 1 - 1/48 ^ 0.979 in place of (1.26). 



20+e 



Actually this is much simpler than what is done in [BKSIO], since here we have 
a finite volume quotient. 
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7.1. The bound for K at least a small power of Q. 

We return to the approach of §6.1, that is just bounding the sup 
norm and needing to win more than K^^^Q off the trivial bound. Now 
we use the fact that KQ is quite small to beat the trivial bound by 
{KQY~^ with e small (depending on the distance from 6 to 1). Then 
we will have, roughly 



/ 



|5^r<g' 



K 



(^ 



VL 



N 



N \{KQ) 



l-e 



[#fi 



N 



N 



Q' 



Xl-e 



which is a savings as long as K is at least a small power of Q. Note 
now for K and Q small that we must be careful with the loss in the size 
of Qn in the lower bound (5.16). We make all of this precise below. 



Proposition 7.3. Assume 9 e Wq^k with 
Then 



\S 



N 



<#fi 



N 



gC(loglog(XQ))2 

(;^Q)i-(i-^)52/5 



(7.4) 

(7.5) 



Proof. Since Nj x N^^'^^ , we can find a 1 < j < J so that 
1 



100 



(Qir)^3/5 ^ J^^ ^ ^Q^^ 



26/5 



\ogNj 



<^M <^Nj log A^. 



J' 



(7.6) 



say. Here we used (7.4) that {QKf^/^ < N^'^. 




Define the sets 




fiW := H,H,...H,_i, 


(7.7) 


fi(2) := S,, 




Qy> ■= Sj+iSj+2 ■ ■ ■ 2j. 




Hence for gi G Vl'-'l 




K93) ~ Nj+^N,+2---Nj=:M, 


(7.8) 


K92) ~ Nj, 


(7.9) 


\(n ) -^ 


(7.10) 


^^^'^ ^ MNi 


Note that 





(7.11) 
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and that from (5.16) we have 



|fi(^)| » 



3c{loglogM)2 



|n<^)|» C^^)^' 



In the above, we used that J — j ^ log log M. 
Estimate 



(7.12) 






E e((c/3e2, V^ie2>^) 



Fix gi and set ?7 = ^gie2- Note that 



A^ 



MiV, 



(7.13) 



(7.14) 



Estimate as in (6.9): 



E 

5360(3) 



E e((^3e2,*^2^) 

g2ef7(2) 



< (#fi(3))l/2 ^ 



to(2) . Il((^-^')^>ei)|| <^ 



(7.15) 



1/2 



I Il((^-^')^>e2)|| < ^ 

where we extended the sum over g^ to (7362 G {z G Z^ : |2;| ^ M}. 
Write 



{{g- 9')v,ei) 



\{(g-g')r^,e,)e\\ + \{ig-g')r],e,)P\, (7.16) 



where 



{{g-g')r],e,)(3\<t:Nj 



N K K 



MNj N M 

K ^ \ 



From (7.6) and (7.11) we clearly have ^ < 4, so (7.16) forces 



and 



{9 - 9')V = 0(g) 






(7.17) 



(7.18) 



M\(3\ KM 

Fix g' and enlarge f? G *f2(^) to {(7 G SL2(Z) : ||(7|| ^ AT,}. Applying 
Lemma 7.1 with rj' = g't], X = N/M, and Y = Nj, the g cardinality 
contributes 



< 



KQ 
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Thus we have by (7.12) and (7.11) that 

(7.15) « (#n<'. . #n<^.)"^ g « #^»».#n<^»(^'^^^^)^"-"';^'"''"°^^^)^ 

Hence by (7.6) and (7.11), 

(7.13) « i^n^^-"^^ j^ , 

as claimed. D 

Inserting this bound into the main integral and estimating trivially 
gives 



Theorem 7.19. Assuming (7.4), 

\SN{e)\''de^ 



Wq,k 



2 v#^7v)' Q(l-5)104/5eC(loglog(KQ))2 
N\V)\ de < —j^ ^i_(i_5)i04/5 



This bound is conclusive unless K is much less than 

104/5(1-^) 

gi_i04/5(i-i) ~Qs. (7.20) 

7.2. The bound for K even smaller. 

In this last section, we give the final bound for minor arcs, which we 
apply to the remaining range of K much less than (7.20). Recall the 
approach of §6.2: we bound jy^ I'S'Afp by the sup norm times K/N 
times ^p |5'iv|. The sup norm has already won almost KQ, so we 
need to win more than a power of Q off of the last summation. We 
proceed as follows. 



K . 

N- 



Proposition 7.21. Recall the cross section Pq^p for a fixed |/3| 

Pg,^:=|e=^ + /3:gxg,(a,g) = l 
Then assuming (7.4), we have 

E |^^(^)| « i^^N Q' r-^^^ ^, J . (7.22) 

Proof. This argument is similar to Proposition 6.11 and we sketch the 
proof. Using the same decomposition (7.7), we follow (6.16) and bound 



50 JEAN BOURGAIN AND ALEX KONTOROVICH 

the left hand side of (7.22) by 

,1/2 



« J2 (#fi^'T ^ 



(7.23) 



siend) 



X 



# { (e, 9', g, g') eP^xP^x *fi(2) ^ *^(2) . || (^^ _ ^/^/)^|| ^ _L 



1/2 



where 77 = ^gie2- The innermost condition guarantees q = q' and 

a(5f?7) = a {g'r]) {mod q), 
The number of choices for g' given (7, g, a, and a' is 



< 



hence 



Q 



1/2 



/iV, 



QQ'i^n^'^ [^ 



(7.23) < #fi(i) (#fi(=^)) ' M 

(;^g)(l-'5)52/5pc(loglog(ii-Q))2 



11/2 



Q3/2 



as claimed. 

Using (7.22) and (7.5), we now have the bound: 

r K f pc(loglog(XQ))2 \ 



D 



X#fi7v Q 






(_^g)(l-<5)52/5gc(loglog(ii-Q))2 



Q3/2 



from which we immediately have: 
Theorem 7.24. Assuming (7.4), 

K rmi2^. ^^ (#^/(i^g)(i-^)i°^/V('°s'°^(^«))^ 

Wq,k ^^ V 



gi/2 
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8. Positive Proportion 

Now prove the main minor arcs estimate. 

Theorem 8.1. For Qq < N^/"^ , define the standard major arcs SIJIq,, 
to he Qo/N neighborhoods of all reduced fractions a/q with q < Qo and 
(a, g) = 1. That is, 



2^Qo = u u 

q<Qa {a,q)=l '" 



a _ Qo g Qo 

q N' q N 



(8.21 



Let m = mQ(, := [0, 1] \ S[)Tq,j denote the complementary minor arcs. 
Assume 

5 > 1-5/312. (8.3) 

Then there is some c = c{6) > (independent of Qo or N) so that we 
have the minor arcs bound: 

SN{e)\'de<^^-^-l-, (8.4) 

m ^ [Qor 



as N ^f- oo. Moreover, treating the entire circle as minor arcs, we have 

\Sj,i9)\'d9<^^*^. (8.5) 

Proof. Decompose the minor arcs m into dyadic regions 






,K, 



dyadic ^ 

dyadic 



where 



I{Q,K):= f \S_ 

JWn s- 



N 
Wq,k 



He. 



Write Qq = N°"' (fixed), and Q = N°', K = iV", with the parameters 
{a, k) ranging in 

ctQ < a < 1/2 and a^ < k < 1/2 — a. (8.6) 

It will be convenient to define 

7^:= (1-5)104/5. (8.7) 
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Assume that I - 6 < 5/208, so that < r] < 1/2. We break the 
summation into the following four ranges: 



7^l 
7^2 
7^3 



{{a,K) 
{{a,K) 
{(a, k) 



K>2{l-5)}, (8.8) 

a > 4(1 -5)}, 

//(a + /«)<«: and a + k < 5/52}, 



7^4 := {(a, k) : rj{a + /t) < -a and a + k < 5/52}. 

First we need to know that these four regions cover the entire range 
(8.6), regardless of how small ao > may be. Regions IZi and 7^2 
certainly cover the range a + k > 5/52, as long as 1 — 5 < 5/104, as 
we've already assumed. In the complimentary range, TZ^ and TZ^ give 
two regions: the region below the line through the origin with slope 
ri/{l — 7]), and the region above the line through the origin with slope 
(1/2 — i])/r]. These two regions overlap when the slopes overlap, that 
is, when r] < 1/3. Recalling (8.7), we require (8.3), as claimed. 

Since the four regions cover the range (8.6), we now just collect the 
results of the previous two sections. In the range T^i, we apply Theorem 
6.10, getting 

X(g,i^)«^^^A— (8.9) 

for some c > 0. In 7^2, we apply Theorem 6.29, getting 

X(g,AO«^^^Q^^ (8.10) 

In the range TZ^, Theorem 7.19 gives (8.9), and in TZ^, Theorem 7.24 
gives (8.10). Combining these estimates completes the proof of (8.4). 

For (8.5), apply the above bounds with Qq = 1. D 

We now establish that Zaremba's conjecture holds for a positive pro- 
portion of numbers. 

Proof of Theorem 1.25. As explained above (2.4), Theorem 8.1 implies 
that #2)a(A^) > A^- (Note that ^jv(O) = #fi7v-) All that is required 
is to ensure that 5 = 5a> ^ — 5/312. 

In light of (1.9), we need 

A> —312/5f^ 37.93.... (8.11) 

To be safe, we take A = 50. Hence Theorem 1.25 is proved. D 
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9. Alternate Ending I: Soft Equidistribution 
Recall that Qn has the decomposition 

with 

NiN2---Nj^N. 

For the density one theorem, we need to know that the set Vtj^ has good 
modular and archimedean distribution properties, for extremely small 
major arcs (growing arbitrarily slowly with A^). Instead of proving 
directly that it does, we simply alter its definition to a set of the form 

fi;v = ^SiS2---Hj. (9.1) 

Here we have inserted a specially designed set K to the beginning of 
the ensemble. The elements of K will be of some size B (growing very 
slowly with A^), and we adjust appropriately the size of the elements 
in Si, so A'^i X Ni/B. We give the precise construction of K below. 

9.1. Construction of K. 

Recall from (5.1) that the expanding vector f_|_ of any ^ G H^ is very 
close to a fixed direction v = Vx- 

Proposition 9.2. Given large parameters q and K, and rj > suffi- 
ciently small (as determined by (9.29)j, there exists some large B = 
B{q, K,ri) with 

B-^ < T], (9.3) 

and a set 'ii. gTa satisfying the following conditions. 

For every b E 'i^, its expanding eigenvalue A(b) is restricted by 

1 99 

B < X(b) < ^^B, (9.4) 

100 ^ ^ 100 ' ^ ' 

and its expanding eigenvector is restricted by 

\v+{b) -v\<7]. (9.5) 

Moreover, for any 7 G SL2(g) and interval X C [^, yHj] of length 
|X| > j^, we have that 

# |b G K : b = 7(modg) and ^ e l\ > Ij^^y (9-6) 

So equation (9.6) is exactly what we mean by good joint modular 
and archimedean distribution. 
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Remark 9.7. Getting the modular equidistribution is easy. Recall by 
Strong Approximation that the reduction of r(modg) is all of SL2(g). 
Let R = I SL2(g)| ~ q^ and write SL2(g) = {71, . . . ,7_r}. Then there 
are elements xi, . . . , xr G F such that for all j = 1, 2, . . . , i?, 



and 



Xj = 7j(modg), (9.8) 



|x,||<gl. (9.9) 



Remark 9.10. While the elements Xj are nicely equidistributed mod 
q, we have no control over their magnitude, nor their archimedean 
distribution, nor the direction of their expanding vectors. We remedy 
the latter by multiplying Xj on the left by some fixed element yo = 
/(modg), with expanding vector in the direction of v. By (3.6), the 
product yoXj is still well distributed mod q, and has uniform expanding 
vectors. We still need to control the equidistribution of the eigenvalue 
to the scale 1/K. To do this, for each fc x /T, we premultiply by 
another vector yj^k, chosen carefully so the eigenvalue of the product 
yj,k Vo Xj is in a specified range. Then taking the union over j and k 
gives the desired ensemble K, see (9.24). 

Remark 9.11. One issue is that, to find elements with good expand- 
ing vectors and eigenvalues, we need to appeal to Lalley's Theorem 
(see Theorem 4.6 - we do not need the counting statement; just that 
such elements exist for large parameters). The problem is that the 
theorem controls the Frobenius norm || • || and not the eigenvalue A(-). 
But these quantities are very close, as long as both the expanding and 
contracting eigenvectors are controlled, see (9.26). One application of 
Lalley controls the expanding vector (which is then forever controlled 
by the avalanche principle). A second application controls the con- 
tracting vector, and then a third application controls the norm (which 
then controls the eigenvalue). 

We will make this precise in what follows. 

Proof of Proposition 9.2. Fix i?, 7^ and Xj G F as in (9.8). 

For the given r] and fixed expanding vector f , apply Lalley's Theo- 
rem to F: there exist two sufficiently large elements -21,-22 £ F which 
generate a free group Z, so that 

\v+{z,)-v\<^-r^. (9.12) 
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The size of \\Zj\\ needs also to be sufficiently large as determined in 
(9.14) below, depending only on 77. We record 

WzjW^^l. (9.13) 

Note that if 2; G 2 is any word in ,21,^2; 

Z = Zj-^ Zj2 ■ ■ ■ Zj^, , 

with j£ G {1,2}, then (3.6) and (9.12) gives 

\v^{z) -V\ < \v+{Zj^Zj^ ■ ■ ■ ZjJ - V+{ZjJ\ + \v+{ZjJ - v\ 

< Oi\\z,,\\-') + ^r^<^r^, (9.14) 

by making sure \\zi\\ and ||2;2|| are sufficiently large with respect to 77 in 
(9.13). Hence the semigroup Z generated by zi and Z2 has controlled 
expanding vectors. 

Next we control the contracting vector. Obviously v^{g) = v^{g^^), 
so consider the semigroup Z^^. Recall from (3.8) that expanding and 
contracting vectors of F do not degenerate; for all large 7 G F, 

\{v^il),v_{^)^)\>^. (9.15) 

So there exists a vector w with (^v, w^) > | so that w is a density point 
in the limit set of Z~^. Fix this vector once and for all. 

Now apply Lalley's Theorem a second time to Z^^ with rj and w: 
there exist two large elements Ui'^,U2^ G Z^^ generating a free group 
U~^ with 

\v^{u~^) — w\ = \v_{uj) — w\ < -r]. (9.16) 

As in (9.14), we have control of the contracting vector for all u G 
U. Since U C Z, both the expanding and contracting vectors are 
controlled. So for all u &U, 

\v+{u) — v\, \v^{u) — w\ < -rj. (9-17) 

Again, we have only used the parameter r^, so the generators Ui, M2 G F 
can be found of size 

\\Uj\\ '^jj 1. 

We don't want to ruin the modular distribution of Xj in (9.8), so next 
we remove any arithmetic interference the Uj may introduce, simply by 
defining i/j := uf (recall R:=\ SL2(g)|). Then we clearly have 

2/1 =1/2 = / (mod g), (9.18) 
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and 

||y,||x,,,l. (9.19) 

Let 3^ = y{q, rf) dlA <Z Z <zV denote the semigroup generated by yi 
and I/2- Then for all y G 3^, (9.17) and (9.18) give: 

l/ = /(modg) and \v^{ii) — v\,\v^{ii) — w\ < -rj. (9.20) 

Moreover, for any y E y and j G {1, . . . , R}, 

\v+iyxj)-v\ < \v+{yxj)-v+{y)\ + \v+{y)-v\ < O I ^^1 +-v <V- 

WWW J '^ 

(9.21) 

So the points yxj have uniform control over their expanding eigen- 
vectors and good modular equidistribution. It remains to control the 
equidistribution of their eigenvalues. 

Remark 9.22. We cannot control the eigenvalue X{yXj) as it stands: 
the expanding vector v+{xj) is uncontrolled, so \{yxj) and X{y)X{xj) 
need not be close. So we use another element y' and make the triple 
product y'yxj. We have control on v+{yxj) and hence on the eigenvalue 
X{y'yxj). We make this precise below. 

We will specify a large parameter M = M[ri, q, K) in (9.28); consider 
a fixed element yo G 3^ of size M, 

-M< Ill/oil <2M. 

For each k G [^ ■ 2K, j^ ■ 2K], we will find an element yj^k G 3^, also 
of size roughly M , which satisfies: 



M' < X{y,,kyoXj) < -—^ M'. (9.23) 



2K J '""'"" ■" \ 2K 

Then setting B = M^, we take 



R 



^■■=[j U Vj^kVoXj, (9.24) 

i = l ^y2K<k<^^-2K 

for which (9.4), (9.5), and (9.6) are clearly satisfied. Note that (9.3) is 
satisfied already from (9.13) and (9.14). It remains to find an element 
yj,k G y satisfying (9.23). 

We now reduce the condition on the eigenvalue X^yj^kVoXj) to one just 
on the norm ||yj,A:||- The relation between the norm || ■ || and eigenvalue 
A(-) is derived as follows. Recall that any vector e G M^ can be written 
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as a linear combination of (non-colinear but not necessarily orthogonal) 
unit vectors v and w as: 



e = j-i; + j^w. 

Hence for any y G 3^, writing v± = v±{y), we have 



(9.25) 



ye 



Hy)- —V+ + 



Hy) 






(f , w-*-) 



i^ + Oiv)): 



where we used (9.20). Thus 

II II /l |2 I I |2\l/2 

\\y\\ = [\yei\ + \ye2\ ) 

= A(i/)-t) -(1 + 0(7/)), 
(with absolute implied constant) where 



(9.26) 



:= 





2 
+ 





1/2 



\{v,w^)\ 



Note that D G [1, 2] by the choice of w after (9.15). 
Next we use (3.5), giving 

Hy ■ yoXj) = X{y)X{yoXj) (1 + (r/)) 

= ||y|| XiyoXj)io-' (l + 0(r/)) 



(9.27) 



Now we apply Lalley's theorem a third time: take M = M{r],q,K) 
sufficiently large so that for any k e [^ ■ 2K, j^ ■ 2K], there exists a 
y & y such that 






< \\y\\ < 






2K -' A(yox,) """ 2ir X{yox,y 
Call such an element yjk- By (9.27), we have 



k-l + 0{ri/M'^ 
2K 



M^ < Xiyj^ky^Xj) < 



k + 0(r//M2 
2K 



(9.28) 



-M^ (9.29) 



Then (9.23) follows on assuming rj is sufficiently small with respect to 
the absolute constant above (independently of M). 

This completes the construction of K, and hence the proof of Propo- 
sition 9.2. D 
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9.2. Construction and Properties of ^jy. 

Let q, K, and t] be parameters to be given in (10.2). In particular, q 
and K grow arbitrarily slowly with A^. Then Proposition 9.2 generates 
a special set K with elements of size B, which we use to construct the 
new set Qn, in a similar process to that of §5.2, as follows. 

Construct Si by setting M = N^^'^/B, obtaining "E^L^M^x^ k) as in 
§5.1, and set Ni = L = aiN^^'^/B. Then S2 is constructed as before, 
setting M = N^''^/{aiY''^, ^^c. In this way the set Vliy is formed as in 
(9.1), and (5.10) is replaced by 

1 BNiN2---Nj 

4 < —^ < 4- (9-30) 

The proof of Lemma 5.12 now reads 

A(b66 ■ ■ ■ O) = A(b)A(fi)A(6) ■ ■ ■ A(0) (l + o(v + 



logN 



(9.31) 
and (5.13) reads (by (9.3)) 

v+{b^^^2■■■0)=v{l + 0{rJ)). (9.32) 

Hence in light of (9.4), we have (for rj sufficiently small with respect to 
the absolute constant above) 

with absolute implied constants. 

With insignificant changes in the constants, the minor arcs estimates 
of §§6-7 now follow identically, with Si replaced by K ■ Si. Note that 
unlike (5.7), there is an astronomical discrepancy between the cardi- 
nality of K and the size B of its elements. In §7 this causes no issues 
since K is built into n^^\ But in §6, this results in an extra loss when 
replacing iV^*^ by i^(lN- Since B grows arbitrarily slowly with N, the 
loss is inconsequential (the bounds established in that section are only 
applied in the proof of Theorem 8.1 to Q and K large, some power of 
A^). Hence Theorem 8.1 applies to the redefined 

Me):= ^6(^(762,62)). 

Equipped with the set Qjy and exponential sum S^, we proceed in 
the next section to prove that a density one set satisfies Zaremba's 
conjecture. 
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10. Density One 
Let qq be a large integer parameter growing arbitrarily slowly, 

1/go = 0(1), 
as A^ — )■ oo, and let 

be its factorial. We define now a non-standard "major arc" Wig as 
follows: we collect all qo/N neighborhoods of a/q with a = 1,2, ... ,q 
(not necessarily coprime; we are simply taking all possible fractions to 
some single large modulus q.). That is. 



^.= u 

a=l,2,...,q 



a _ go « , ^ 

q N' q N 



Remark 10.1. The choice q = q^l ensures that these major arcs contain 
all go/^-iieighborhoods of all reduced fractions with denominator at 
most go- 

Let Ki be any parameter growing arbitrarily slowly with A^ while 
satisfying 

qiqo)' = oiK,). (10.2) 

Using g as above and setting 

K = 50Ki, (10.3) 

construct the set K in Propostion 9.2. Then we have the resulting 
ensemble fl^ and exponential sum Sjy as in §9.2. We will specify the 
value of rj in (10.14). The reason for the choice (10.2) is its use in 
Lemma 10.5. 

Recall the standard major arcs ^Qq from (8.2), and observe that by 
Remark 10.1, 



OJtqo C Mg. 



Hence Theorem 8.1 gives 

\SN{e)\'de< [ \s^{e)\'de'^^^ (io.4) 

[0,1]\OT, J[0,l]\Wgo ^^% 

for some c > 0. The change in the definition of Qn (and hence Sn) of 
59 has no effect on these estimates. 



/ 



We change our focus now from harmonic analysis on the circle 6 G 
[0, 1] to analysis on the integers n G Z, as follows. Recall the notation 
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that -RAr(n) is the n-th Fourier coefficient of Sn, that is, 

RN{n) = I DNyC/)Cy-rLO)aO = 7 J-{n=(e27,e2>}- 



f SN{9)e{-n0)d9 = V 1 
Jo - 



For the parameter Ki of (10.2), let E^/^J-] denote the conditional 
expectation operator on the integer interval [1, A^] with respect to the 
partition into sets of the form 



UJj,a ■-- 



N N 
{j - ^)jf^JY' ] ^{'^^^■^ = a(modg)} 



for j = 1,2, . . . ,Ki and a = 1,2, ... ,q. That is, 
^q,KAf]i'f^) = -JJ X^ /(^)5 where a = n(modg) and j 



n- 



N 



In general, such a conditional expectation operator is controlled in 
i^ by the L^ bound on the restriction to non-standard minor arcs VJlq 
of its Fourier transform. By this we mean the following. 

Lemma 10.5. For f E iAl,N], and g(go)^ = o{Ki), 



as A^ —i- 00. 



-[0,1]\OT, 



/ 



£1. 



L2[0,l] 



Proof. This is standard harmonic analysis, so give a sketch. Introduce 
an intermediate parameter K' satisfying 

q{qof = o{K') (10.6) 

and 

K' = o{Ki). 

Define the function 

'f^T(^) ifn^O(modg), 
otherwise, 



V{n) = V,,K'{n) 



where T is a smooth non-negative bump function of integral one and 
compactly supported Fourier transform. We have by Cauchy-Schwarz 



||/-E,,^J||,. « N^/' 



f-v*f 



£2 



+\\v*f-Eg^KAv*f]y 
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On the right hand side, the last hne is clearly dominated by the first. 
The second line is easily seen to be <^ ^ll/ll^i = odl/H^i). For the 
first line, apply Parseval, 

\\f-v*f\\i= I \fm\-^-\vm')de. 

^[0,1] 



Calculate V by Poisson summation, getting 

k 






feez 

Then for G SOlg, we have 1 - \V{e)\^ < 9o/^'- Bounding 1/(0) | < 
1^1, we have 

1/(0)^(1 -|i/(0)|V^«g^||/||,2.|^. 

Combining the above with (10.6) completes the proof. D 

Define 

Tat := Eq_/^Ji?Ar]. 

Thus were are collecting the representation numbers into large intervals 
of size N/ Ki and sorting by residue classes mod q. Note also that 

Lemma 10.5 and (10.4) applied to Rn imply 

\\Rn - TNh^[i,N] « ^ + o(l^^l) = o(l^jvl). (10.7) 

% 

The goal of this section is to use the construction of l^jv in §9 to 
establish the following 



Theorem 10.8. For n G [^N,^N], 

TNin) > 



20 ' 10 



N 



Before giving the proof, we show how this theorem will imply that 
Zaremba's conjecture holds for a density one set. 
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Proof of Theorem 1.29 assuming Theorem 10.8. Let J C [^N, ^N] be 
the set of n for which RNip) = 0, that is, n is not represented in the 
Zaremba set. Then 



N 



Y, \Rn{j) - Tm{j)\ > J2^n{j) » \J 



\Q 



N\ 



N 



n=l n£j 

by Theorem 10.8. On the other hand, we have the upper bound (10.7); 
hence 

\J\=o{N), 
from which Theorem 1.29 follows immediately. D 



It remains to estabhsh Theorem 10.8. 



Proof of Theorem 10.8. Suppose ^N < n < jqN, and n G coj^a, so 
that a = n(mod q) and 



J 



n- 



N 



—Ki, —Ki 
20 10 



Write the decomposition (9.1) as 

with 

Q := S1S2 ■ ■ ■ Sj. 
Then for n G ooj^a write 



;io.9) 



TN{n) 



— E ^^(^) 



i^^j,a 



k&Ulj.a 



> 



qK 

~N 

qK 

~N 



3> / ^ / ^ J- f (11763, e2> = ''(mod9) 

^^ TT^/ 77t> l(j-l)JV/Ki<(S.7e2,e2><iiV/ifl 



-E E 1 

7ef^'weSL2(g) 



{(w7e2,e2>=a(mod(jr)} 



7 . l{(i-l)A'/-ft'i<(b7e2,e2><iAf/i^i}- (10.10) 



b^uj{mod g) 



Consider the innermost condition 

{j-l)N/K,<{b^e2,e2)<jN/K,. 



(10.11) 
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To use the key property (9.6) in the construction of K in Proposition 
9.2, we need to convert this condition on (6762, 62) to one on A(b) (for 
fixed 7). To this end, write v± for ^±(67) and compute by (9.25) that 



(6762,62) 



A(b7)f^^(t^+,e2) + 



(e2,^^i> 



A(b7)(t;_,t;i> 



{^-,€2} 



K^)Kl) \':"!'i^?^? {v. 62) (1 + 0(r^ + N-')) 



(10.12) 

where we used (9.15), (9.32), (9.31), (9.3) and (3.6) that (crudely) 

V. = v4b^) = t;_(7)(l + 0{N-^)). 

We are still fighting constants, so rather than give bounds on {v, 62) 
and (62, f -(7)"'"), we simply observe that the same argument in reverse 
gives 

A(7)^?^^^^(^^,e2) = (762,62) (l + O 
Hence the condition (10.11) becomes 



logA^ 



J-1 



A^ 



Ki (762,62) 



< A(b) 1 + h + 



1 



logA^ 



< 



N 



Ki (762, 62) ' 



(10.13) 



We now choose r] sufficiently small relative to the above absolute 
constant so that (10.13) is less restrictive (for A^ sufficiently large) than 

where the interval Xyj- is defined by 

"(j-l) + l/4 N J -1/4 N 



X 



7J 



Ki 



5(762,62)' Ki 5(762,62) 



10.14) 



Recall from (10.3) that K = 50Ki in the construction of K in Proposi- 
tion 9.2. Hence the length of X^j is at least 



N 



-7 J I 



> 



2KiB{je2,e2) 50K, K' 
as required in (9.6). The other requirement on X^j is that 



-^iJ *^ 



1 99 
lOO'lOO 
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This we verify from 

1 1 1 ?■ A^ 1 99 

— <-■-< ^ ^ ^ <±.8<— (10.15) 

100 20 4 - 7^15(762,62) ~ 10 100 ^ ^ 

where we used (10.9), (9.30), (9.31), and (3.3). 

Returning to (10.10), we are finally in position to apply Proposi- 
tion 9.2. The innermost sum contributes ^ \'R\/{Kiq^). The u sum 
contributes ^ g^, and the outer 7 sum contributes \Q'\. In total we 
have 

rri I \ v.. v.. i. -L f^ I \ A N. v.. -' ' 

T.(n)»— |fi|g^^»— , 

as claimed. D 

This completes the proof of Theorem 10.8, and hence Theorem 1.29 
is established: Zaremba's conjecture holds for a set of density one. 
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11. Preliminaries III: The "Congruence" Transfer 

Operator 

We return again to the symbolic dynamics discussion of §4, but now 
we also need a modular restriction. To this end, consider the space 
of functions taking values in S x SL2(g). The second factor is used 
to isolate an element of SL2(g), giving the requisite joint modular and 
archimedean control through the renewal method as in §4. 

For / e C(S X SL2(g)), define the "L~-norm" by 

1/2 

max I Y^ |/(a;,7)r 

^76SL2(g) 

The variation over cylinder sets is now defined by 

varM/:=sup<j ^ \f{x,-f)-f{y,-f)\'^^ : y E x 

y \7eSL2(g) 

with corresponding | ■ |p norm: 

varM / 



M 



l/lp := sup 



The space J-'p = J>(S x SL2(q')) is then the space of functions with 
finite || ■ ||p norm, where 

II ' lip • I ' Ip "•" II ' lloo- 

Mimicking §4, the transfer operator is now defined by: 

A 

(£_,,./)(x,7) := 5^e-^-("^VK,a7), 

a=l 

where a in the first index is treated symbolically, and in the second, the 
same a is (by abuse of notation) an element of SL2(g). The coboundary 
T is the same as in (4.1). 

Like Lalley's theorem, the resolvent operator TZs '■= (1 — £_sr)^^ "was 
shown in [BGS09] to have a pole at s = 6, and have no other spectrum 
in a neighborhood of S. But unlike the resonance-free strip 

9ic(s) > 6-e 

of [Dol98, Nau05], the resonance-free region proved in [BGS09] is of 
the "Prime Number Theorem" form, 

mc(s) >6 



log(l + |am(s)|)^ 
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for some c > 0. Moreover, the requisite expansion property is proved 
outside of a "bad" modulus *B. 

As a result, we have the following 

Theorem 11.1 ([BGS09]). Let T = Tj^ be as above, and recall the 
identification between the unit vector v^ = (x, y) and the point x/y G 
[0, 1]. There exists 03 = 53(A) > 1 and constants 

C = C{A) >0,c = c{A) >0 

so that the following holds. Let 70 G F, T ^ 1, and let I C [0, 1] be an 
interval whose boundary does not intersect the limit set €a- Then for 
any (g, 53) = 1 and uj G SL2(g), 

# < 7 G r : 7 = (X'(modg),f+(7) G X, and— — n~ — ^ 

I holl 

I SL2(g)| 

Here /i is the Hausdorff measure on the limit set <t, and the implied 
constant depends only on A, not on T , q, u, 70 or X. 

With the same conditions as above, except for a modulus q with ® | q, 
we have 

# < 7 G r : 7 = a;(modg),f+(7) G X, and— — tt <T 

I holl 

|SL2(®)| j,/^-p _ , .^. i\^T jll77o|| ^T. 
# < 7 G r : 7 = a;(mod'B),f+(7) G X, and— — rr <T 



|SL2(g)| i ' ' ' II70 

.[.(^('J^SS-c/loglogT 

Remark 11.2. Theorem 11.1 was proved in [BGS09, see Theorem 1.5] 
under the further assumption that the modulus q is square-free. This 
was enough for their sieving purposes, but for the circle method, we 
must take arbitrary q. The main ingredient in analyzing the modu- 
lar aspect (see [BGS09, Lemma 2]) was the spectral gap (expansion 
property) proved using methods of additive combinatorics and an L^- 
fiattening lemma in [BG08, BGSIO], again for square-free q. The rele- 
vant results have since been established in full generality for arbitrary 
modulus, see [BVll] and [GVll, Remark 30]. With this input, [BGS09, 
Theorem 1.5] holds for arbitrary g, as collected in Theorem 11.1. 

Remark 11.3. In Theorem 11.1, we have stated the result only for the 
extreme cases (23, g) = 1 and 23 | g. Of course intermediate cases can 
be obtained by summing over suitable arithmetic progressions. This 
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introduces no extra error since the number of terms is <^fB 1, and our 
implied constants may depend on A (recall 53 depends only on A). 

Remark 11.4. The condition ||77o||/||7o|| < T arises naturally in the 
above through the renewal method, see the definition of r in (4.1). In 
fact, this condition is essentially equivalent to 

duillohi) - duiloi^i) < ClogT, 
where dH{z,w) denotes hyperbolic distance in H. 

In the above, one typically sets 70 = /, but we will use 70 for a 
different purpose. Namely, we will need to control both the expanding 
direction ^+(7), and its expanding eigenvalue A (7), but taking 70 = / 
gives us control only on the norm ||7|| (which can be off by a constant 
from the eigenvalue). So we instead do the following. 

Recall from (5.1) the fixed vector v, and let I he a. sufficiently small 
neighborhood about v. Taking ||7o|| large with w+(7o) — ;■ v, we have 
II770II/II70II -^ Il7(^)l|, andif f+(7) e X, then ||7(f)|| ~ A(7). We have 
thus converted a statement on norms into a statement on eigenvalues 
without losing constants. 

Hence we easily conclude the following 

Corollary 11.5. Let T = Ta and^ = Q3(A) > I be as above. There 
is some constant 

c = c{A)>0 (11.6) 

so that for any large parameters 1 <^ H < T, set I C [0, 1] as above, 
and any q with (g, ®) = 1, and u G SL2(g), we have 

# {7 e r : 7 = cu{modq),v+{^) E I, |A(7) - T\ < H} 

^ (^ . 7^25-1 TT f^W I r, (r^S-c/loglogT\ /-, 1 j\ 

|SL2(g)| ^ '' ^ ^^ 

for some constant C = C{A) > 0. As above, the implied constant 
depends only on A, not on T, q, u, 70 or X. 

With the same conditions except for a modulus q with ^ \ q, we have 
# {7 e r : 7 = u{modq),v+{-f) G X, |A(7) - T\ < H} (11.8) 

= ^^ ■ # {7 e r : 7 = coimod^),v^{^) E X, |A(7) - T\ < H} 
|SL2(g)| 

_|_(9C2^2<5-c/loglogT\ 

Remark 11.9. Recall that throughout, the appearance of constants c 
and C may change from line to line. The special constant c in (11.6) is 
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in contradistinction with this principle, being the same constant from 
now on, wherever it appears. 

Remark 11.10. Note also that for (11.7) to have a main term, the 
parameter H must already be very nearly the size of T. 



ON ZAREMBA'S CONJECTURE 69 

12. Alternate Ending II: Quantitative Equidistribution 

In this section, we again arrange a special leading set K in the en- 
semble Qn as in §9, but this time our goal is to use the results of §11 to 
replace the qualitative statement (leading to density one) with a quan- 
titative statement. We do not quite have enough uniformity from the 
methods described in §11 to do so, the difficulty being the "ramified" 
place 53 in Corollary 11.5. So we proceed in a similar spirit to §9. 

12.1. Constructing the Set K. 

Our main goal in this subsection is to establish the following. Let 
03 = 53(A) < 1 be as in Corollary 11.5 and let i? = | SL2(53)|. For A^ 
large and 6 satisfying (8.3), let 

/3:= ^—(5/312 -(1-5)) >0, (12.1 

y 1000^ / V ;; , v 

let 

B = N^, (12.2 

and set 

Q = JY/3c/(40i?loglogAr) Q2.3 

where c > the constant in (11.6). 

Let 

"1 99 " 

UC —B,—B (12.4 

[100 ' 100 J ^ 

be an arithmetic progression of real numbers starting with uq = j^B 
having common difference 

\u-u'\ = 2B/Q^, (12.5 

for u,u' consecutive terms in U, and ending with u > {^ — ■^)B 
Then the cardinality of U is 

\U\ X Q\ (12.6 

Proposition 12.7. For each u ElA, there are sets K„ C T , all of the 
same cardinality 

l^nl = \^u'l (12.8 

SO that for every b G K^, its expanding eigenvalue A(b) is restricted by 

|A(b)-«|<^ (12.9 

and its expanding eigenvector is restricted by 

\v+{h) - v\ < Q~^ . (12.10 
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Moreover, for any q < Q, any u G SL2(g) and any u eU, we have 

^{beK-.b^ ioimodq)} = ^1^(1 + 0(Q-^)), (12.11) 

|SL2(g)| 

where the implied constant does not depend on q, 7, or u. 

With the sets K^ as above, we define the main leading set K to be 
the union of the sets K„, 

K := y K, (12.12) 

Note that the sets K„ are disjoint by (12.9) and (12.5). 

Before proceeding with the proof of Proposition 12.7, we state the 
aforementioned randomness extraction argument, which is needed on 
several occasions in the sequel. It states roughly that if a large set has 
good modular distribution, then so does a sufficiently large random 
subset of it. For technical reasons, we need to have the fiexibility to 
stay away from a "bad" modulus go- 

Lemma 12.13. Let fi = fis be the normalized (probability) measure of 
a finite subset S C SL(2, Z), 

1*^1 ses 

and fix ri > 0. Let qo < Q be a fixed modulus, let uq G SL2(go) be a fixed 
element, and let O. = Hg,, C [1, Q] be the set of moduli q < Q with go | g- 
Assume that for all q E O. and all u G SL2(g) with u = c<;o(niodgo), 
the projection 

7=a;(modg) 

is near the uniform measure on SL2(g) conditioned on being = Wo(modgo), 

SL2(go)| 



, , SL2(g„)| 


L°° 

=ijQ(mod5o) 


max 

i^SSL{2,q) 
tj=ujo(modqo) 


Then for any 







7rJ/i](tj) - 



SL2(g)| 
(12.14) 



< rj. 



T>T]-HogQ, (12.15) 

there exist T distinct points 71,..., 77' G S = suppyU such that the 
probability measure v = ^'r,7i,...,7r defined by 

^=^(l7i + --- + l7r) (12-16) 
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has the same property. That is, for all q G O. projection vrq[z/] is also 
nearly uniform, 



max 



T^qi'^l 



SL2(go)| 



SL2(g)| 



<//. 



12.17) 



I =1^0 (mod (JO )^ 



The implied constant above is absolute. 



Proof. This is a standard argument, so we give a brief sketch. Take u 
as in (12.16). Let V be the expectation with respect to fi of the left 
hand side of (12.17), 



V 



E 



max > max 

7e®^SL2(Z) iJ = cJo(m°d(Jo) 



1 '^ 

i=i 



{■yj=u(q)} 



SL2(go)| 



SL2(g)| 



/^(^Ht), 



where fi^^^ is the product measure on 0-^ SL2(Z) and 7 = (71, . . . ,77-) 
Using (12.14), we have 



T) < ri + max } } max 

"f=tT ^^^ ^^^ LjeSL2(g) 



(jeiJ 



7e®^SL2{z)5e(g)T'SL2(Z) 



1 ^ 
i=i 



/^^^H7)/i^^no, 



where 



f^ili^Q '■= l{7i='^(g)} - l{?j=^(g)}, 



and we extended the max over oj to all of SL2(g). 

Note that for fixed w, /w(7j,0) ^^^ independent, mean zero random 
variables and bounded by 1. Hence the contraction principle gives 



P < 77 + nmx 5^ 5^ P,(7, 0/i^'^n7)/^^'^ne), 



'12.181 



where 



^.(7,0:=^ E 



, max 

2^ ^'^-^ weSL2{g) 

£e{±i}T 



1 ^ 

^ ,^ ^3 J^ 17 j ) Si 



i=i 
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Replace the max by an L^ norm with p to be chosen later: 



V„ 



(7,0 < ^ E f E ^Jl'Ml^^i: 



£6{±l}r \weSL2(g) 



T 



« [ E ^ E ^E^^/-(7.'O0 

,t^eSL2(g) ee{±i}r i=i 



1/p 



1/p 



T 



fUij,^j 



T 



p/2\ Vp 



« I E p"ME 

^weSL2(g) \i=l 

where we applied Khintchine's inequality [HaaSl] (the implied constant 
is absolute). Now we choose p = logq, so that 

P, « {hgqy/'T-'/' < {hgQy/'T-'/'. 

Inserting this into (12.18) and setting T > 1]^^ logQ gives 

from which the claim follows immediately. D 

Equipped with this randomness extraction argument, we proceed 
with the 



12.19) 



Proof of Proposition 12. 7. For a parameter 

T = N''^ 
with small ci to be determined later, let 

S{T) := {7 G r : \v+{-i) - v\ < Q-\ |A(7) -T\< T/Q^} . (12.20) 
By (11.7), we have 

#5(T) > T^VQ'' + 0(T2^-^/^°s'°s^). (12.21) 

We have from (12.19) that 

j^-c/loglogT ^ j^-c/loglogiV ^ /jyc/loglogAfX-ci ^ /Q40i?/^N-ci 

So as long as 

ci > /3/(2/?), (12.22) 

(12.21) is significant, with an error of size ^ T^^/Q^". 

By the pigeonhole principle, there is some element St G '^(T) so that 
S\T) := {s e 5(T) : s = Sr(modQ3)} 
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satisfies 

#5'(T) > ^J^#5(T) » T^VQ''- (12.23) 

(Recall the bad modulus !B is constant, 03 <^a 1, and our implied 
constants may depend on A.) 

For this set, the counting statement (12.21) remains significant even 
with a modular restriction: for any q < Q with 05 | q, and any u G 
SL2(g) with u = 5T(mod?B), applying (11.8) gives 

#{s G S'{T) : s = w(modg)} = #{s G 5(r) : s = u;(modg)} 



^#{s G S{T) -.3 = 00= 5r(mod 03)} + 0{T'yQ^ 



SL2(g)| 

#5'(T) + 0(T^VQ-^"). (12.24) 



SL2(®)|^^,^^^ , ^frT.25 /r-,-20 



|SL2(g)| 

From (12.23), the main term is ^ T"^^ / Q}^ , dominating the error. 

We just need to play with S'{T) to get good distribution modulo 03. 
This we do in a similar manner as §9. Recall R = \ SL2(03)|. Then 
every element of the "coset" 

7G5'(T)-5?-^ 

satisfies 7 = /(mod^B). Next write SL2(®) = {71,72, ••• ^Ti?}, and 
take Xi, . . . , Xij G r so that 

x^ = 7^ (mod 03), r = l,...,R. (12.25) 

These can be found of size x^ 1. 

Remark 12.26. Though we do not know that F is equidistributed mod 
03, we certainly have from Strong Approximation that F projects onto 
SL2(®), so such Xr exist. 

Note that any element 

7 eS\T) -5^-^ -Xr 

has 7 = 7r(mod5B). Unfortunately, this triple-product does not work, 
since, again, we do not have control on the expanding vector of x^- So 
we take a single fixed element fo G F of size 

A(fo) X 5^/^°°, (12.27) 

say, with 

K(fo)-^|<Q^'. (12.28) 

Then from (3.6), v^{%Xr) = v{l + 0{Q-^)), and for any s G S'{T), 

v+{s-4-'-foXr)=v{l + OiQ-'')). 
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Moreover from (12.20) and (3.5), we have 

\{S ■ 4-' ■ foXr) = X{s)X{5Tf-'X{foXr){l + OiQ-^)) 

= T^X{foXr){l + 0{Q-')). 

Now for each u ElA, u^ B, and each r = 1, . . . , i?, take T = T^^r so 
that 

T^A(fox,) = u, 
that is, let 

T„,, := f V^l X 599/(ioo«) = iv99/^/(iooiJ)^ ^12.29) 

\X[%Xr) J 

which, by (12.2), determines ci in (12.19). Note that (12.22) is easily 
satisfied. 

Thus for each u and r, we have sets 

SO that for all b G Bu,ri the expanding vector is controlled, 

|^;+(b)-^;|<Q-^ 

and the eigenvalue is controlled, 

A(b) = M(l + 0(Q-^)). 

Since we have saved an extra Q, we can use it to set the implied 
constant to 1, getting (12.10) and (12.9). 

Note that by (12.24), for all g < Q with «B | g, and all uj € SL2(g) 
with Lo = foXr(mod23), we have 

#{b G Bu,r ■■ b = a;(modg)} = ^^#S„,, (l + OiQ-')) . 

I ^^2[qj\ 

(12.30) 
Recall also from (12.21) that the cardinality of Bu,r is 

> (T„,r-)'V2'' > N", (12.31) 

using (12.29). 

Hence for fixed u, we may apply the randomness extraction argument 
in Lemma 12.13 to Bu^r, with 77 = Q~^ and go = ®- This gives sets 
B'^^ G Bu,r of size 3> N^, for which (12.30) continues to hold, and 
moreover we can force them all to have exactly the same cardinality 
independently of r, 

\E' \ = \E' I 



u,r\ 
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Set 

R 

r=l 

and note that for 53 | g < Q and u G SL2(g), 

if{beK:b^ a;(modg)} = ^^^#^;,. (l + 0(Q-^)) , 

where r is the index for which u = foXr.(niod ®). Since #i3^ ,. = |i^u|/-R, 
and R = \ SL2(53)|, we have that for each u, K^ satisfies 

#{b G K„ : b = u;(modg)} = ^^^ (l + 0{Q-')) . (12.32) 

We can now also drop the condition ® | g in (12.32) by summing along 
certain arithmetic progressions; since ® <^^ 1, the implied constant 
still depends only on A, cf. Remark 11.3. 

Now we apply Lemma 12.13 again to K^, with rj = Qr^ and go = 1? 
giving sets 

for which (12.32) still holds, that is (12.11) holds, and which all have 
the same cardinality, giving (12.8). 

This completes the proof of Proposition 12.7. D 
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12.2. Re-construction and Properties of il^. 

With the set K at hand, it is a simple manner to reconstruct our 
desired set Qn (for ease of notation, we drop the tilde to distinguish 
Qn from Q]^ of §§9-10; it is clearly not the same set as in §§5-8). 

Returning to the setting of §5.2, we construct Si in a similar manner 
as before, setting 

A^i X M := N'/^B = N^^'^-^\ (12.33) 

except requiring a slightly tighter bound on the expanding eigenvector. 
Namely, replace (5.5) by 

|w+(7) -v\< Qr^ = Ar-^/i°gi°s^. (12.34) 

The effect is a decrease in the size of Hi, where (5.7) is replaced by 

TVf > #Si > ivf-^/i°g'°sA^. (12.35) 

Then we continue constructing S2, . . . , Sj and 

fi^:=K-Si-S2---Sj, (12.36) 

as before. Note from (12.34) and (3.6) that now we have 

l^+(fi-6---0)-^l«Q-'- (12.37) 

With the exponential sum defined in the same way, 

SNie)= 5^6(^(762,62)), 

it remains to re-establish the minor arcs estimates of §§6-8 before an- 
alyzing the major arcs contribution in the next section. In fact, as 
before, §7 remains unchanged, since leading piece D.^^^ of (7.7) does 
not play a role in those bounds. So Theorems 7.19 and 7.24 still hold 
as stated. 

In §6, (6.2) and (6.12) still hold, but the corresponding Theorems 
6.10 and 6.29 are a bit weaker. In particular, (5.16), must be replaced 
with 

|fi;v| = 1^1 -ISil -1221 • • • \Ej\ » N^^-mS)-c/lo,losN ^ ^25-2p^ (^2.38) 

where we used (12.33) and (12.35), and trivially estimated |K| ^ 1. 
(The sizes of the sets Bu,r in (12.31) are quite deficient relative to the 
size of 5, cf. (12.29), so there is not much gain from better estimates 
on the size of K). Hence the corresponding bounds in Theorems 6.10 
and 6.29 become: 



SN{e)Vde<€. 



[ih^N? 



w^,^ N 



K 



12.39) 
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and 



(#fi/ 



\2 



4 J^"""''* <"= '^^'^'"'-'"^" [(^- + jk)- (12.40) 

respectively. (We have crudely used 6 < 1.) 

Returning to the analysis of §8, let K = N'^ and Q = N'^. The 
regions TZs and TZ^ of (8.8) are the same, since they come from the 
analysis of §7. From (12.39) and (12.40), the regions 7?.i and 7^2 are 
replaced by 

n^ ■= {{a,K) : K>2{l-S)+4:(3}, 

n^ ■= {(a,/t) :a>4(l-(5) + 8/3}. 

We just need to know that these two regions cover the range a + k > 
5/52, since TZ^ and TZ^ take care of the rest. The choice of (3 in (12.1) 
guarantees this to be the case. Thus we conclude that (8.4) holds with 
the new ensemble Qn. 
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13. A Small Exceptional Set 

In this section we introduce genuine major arcs (unlike the argument 
of §10, where we switched our harmonic analysis to Z) to get a den- 
sity one set with quantitative bounds on the set of exceptions, proving 
Theorem 1.31. The argument boils down to three subsections. First 
we use the set K developed in the previous section to prove that in the 
major arcs, Sn splits as a product of modular and archimedean com- 
ponents, as in (2.8). Then we prove that the major arcs contribution 
is of the correct order of magnitude, from which we finally conclude a 
small exceptional set. 

13.1. Splitting into Modular and Archimedean Components. 

Let Q be as in (12.3), and B as in (12.2). Recall from (8.2) the 
major arcs of level Q: 



OT,= U U 

q<Q{a,q) = l 



a_Q a Q 

q N'q^N^ 



Let Uq : Z/gZ — t- C record the mod q distribution of 2), that is, for 
a G Z/qZ, set 

ujeSh2{q) 

Theorem 13.2. There exists a function wn '■ M/Z — )■ C satisfying the 
following three conditions. 

(1) The Fourier transform 

Wn : Z — )■ C : n I— 7- / tUN{6)e{~n9)d6 
Jo 

is real-valued and non-negative, with 

'WAf(O) = y^^Nin) <^ \^n\- (13.3) 

n 

(2) For ^N <n< In, we have 

e^{n) » 1^. (13.4) 

(3) Moreover, we have on the major arcs 9 = - + P E 9JIq that 

Sn (- + f^)= ^<?(«)^^(/3) (1 + 0{Q-')) . (13.5) 
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Proof. We again use the decomposition (12.36) in the form 

n^ = K ■ fi' (13.6) 

with 

Q = S1S2 ■ ■ ■ Hj. 

Note that by (12.9) we have for b e'i<, 

A(b)x5, 

and from (12.10), 

\v+{b)-v\ < Q-\ 
Also, for 7 G f2', we have 

(762,62) x||7||xiV/fi, (13.7) 

and by (12.37) 

^+(7) -v\<. Q~^. 
Hence, as in (10.12), we have 

(6762, 62) = A(b) (762, 62) + O (iV/Q5) . (13.8) 

Using |/3| < Q/N and (13.8), write 



Sn{- + P 
Q 



5Z 5Z ^ ( " ^^^^2, 62) j e (/3 (6762, 62)) 

1 + 0(Q'^)) 5^ 5^ e (- (b7e2, 62)) e (/3A(b) (be2, e^) \ 
(l + 0(Q-^)W 5^ e(^(u;7e2,e2)) (13.9) 



7en'wGSL2(g) 

5^ e(/3A(b)(7e2,e2)) 



b^ixj(mod g) 



where we decomposed the b sum according to residue classes a; in 
SL2(g). 
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Next using (12.12), write the innermost sum above as 

J2 e(A(b)/3(7e2,e2)) (13.10) 



b=ttj(mod q) 



J2 E e(A(b)/3 (762,62)) 



ueU beHu 

ti^:a;(mod q) 



\ 



5^e(/3«(7e2,e2)) Yl ^ 

ueU \ benu 

b = CA;(mod q) 



(1 + 0(Q-^)), 



/ 



where we apphed (12.9). 

By (12.11) and (12.8) (that the cardinahty of K^ is the same for all 
u), the innermost sum is 

b — Li;(mod q) 

where the implied constant does not depend on u, u, or q. 
Returning to (13.9), inputting (13.11) and (13.10) gives 

><T^EE^(/5^(^^2,e2)), (13.12) 

where we used the fact that the u sum runs over all of SL2(g), so is 
independent of 7. Note that Sn has already split into modular and 
archimedean components, with the first line being i^g(a) as in (13.1). 

We continue to massage the archimedean component. Fix 7 and u. 

For any ?ti G Z with 

\m-u (762, 62)1 <B (762, 62) /Q^ 
we clearly have 

e {/3u (762, 62)) =e (/3m) (l + 0{Q~^)) , 
and there are 2B (762, 62) /Q^ + 0(1) integers m in this range. Hence 

e(/3«(7e2,e2)) = -— ^^ J2 e (/3m) (l + 0(Q-^)) . 

25(762,62) f^ 

m —u\< ^ 

I (762,62) |~Q^ 

(13.13) 
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Reversing the u and m sums and inserting (13.13) into (13.12) gives 
Sn(- + p) = Ug{a)vjN{(3){l + 0{Q-'')), 
where 

Hence (3) is satisfied. Also 

which is clearly real and non-negative, so (1) is satisfied. 
Lastly, note as in (10.15) that for ^A^ <n< ^N, we have 

—B < ^ < ^B 

100 (762,62) 100 

Hence by the spacing in (12.5) of m G U in this range, the innermost 
sum in (13.14) is guaranteed to have at least one contribution, giving 

where we used (13.7), (12.6), and (13.6). So (2) is satisfied, and the 
proof of Theorem 13.2 is complete. D 
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13.2. The Major Arcs Contribution. 

Equipped with (13.5), it is now straightforward to produce a sizable 
major arcs contribution. We foUow [BKIO]. 

Let '?/' : M — 7- ]R_|_ be the triangle function, 

1 + x, if -1 < X < 0, 
^(x) := <( 1 - x, ifO<x<l, (13.15) 

0, otherwise. 

Note that the Fourier transform is non-negative: 

\ T^y J 

Let V'tv be the function locahzed at level Q/N near the origin: 

Periodize V'Af to '^n on M/Z: 

mez 
and put each such spike at a major arc: 

^qAO)--=Y. E ^n(9--). (13.17) 

q<Q{a,q)=l ^ ^^ 

Note that the support of "ifQ^N is ^q- 
Write as usual the representation number 

Rj^(n) := SN{n) = f SN{0)e{-ne)d9, 
Jo 

and decompose it into a (smoothed) major arcs contribution and an 
error 

RNin) = MNin) + ^iv(n), (13.18) 

where 

MN{n) := f ^Q^j^{9)SN{9)e{-n9)d9. (13.19) 

Jo 

Theorem 13.20. For ^N <n< ^N, 

M^in) » rn^7^- (13-21) 

log log i\ i\ 
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Proof. Fix j^N <n< ^N. Starting with (13.19), insert (13.17) and 
(13.5) (recall supp \E'Q^Ar C ^JIq), and make the change of variables 

13 = e- a/q. 

MN{n) = XI 5Z ^q{ciy[-n-] (13.22) 

q<Q{a,q)=l ^ ^^ 

X f ^^(/3) wn{P) e{-nP) d(3 
Jo 

+0 (qq^IQmIq-' 

where we used (13.3). 

Note that J^n has already split (up to acceptable error) into the 
product of the singular series 

©e(^) ^= E E '^'^(«)^ (-%) ' (13.23) 

q<Q{a,q) = l ^ ^^ 

and the singular integral 



njv(n) := / ^iv(/3) ti7^(/3) e(-n/3) rf/3 = J] $iv(n - m)WN{m) 
•'O meZ 

Q 

N 



Y,^{%k^-"^)]^N{m). (13.24) 



First we sketch an analysis of the singular series, which is standard. 
Insert (13.1) into (13.23): 

©sH = E ISL {q\\ 5Z Cg((7e2,e2)-T2), 

q<Q. ' '^^^'^ 7eSL2(g) 

where Cg is the classical Ramanujan sum 

Cq{m) = y^ e{ara/q). 

{a,q) = l 

Recall that Cq is multiplicative in q, and that Cq{m) = fi{q) if (m, g) = 1 
(here /i is the Mobius function). Hence we may extend the range of the 
sum g < Q to g < oo with a negligible error, obtaining a sum which 
factors into an Euler product. At each place, the contribution from 
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prime powers is negligible. We are left to analyze 

GQ{n) > 6(n)>J] 1 + — ^ ^ Cp ((762, 63) - n) 

P \ ' ^^^'^' 7eSL2(p) 

= n f 1 + -^) n f 1 - -^) » r-^- (13-25) 

11 \ „2_]^/lll 59+1/ loglogra 

p\n p\n 

Remark 13.26. We see here that singular series can drop by roughly 
1/ log log A^, cf. (1.14). 

Returning to (13.24), we now analyze the singular integral. By pos- 
itivity and using (13.16) that 'ipiy) > 2/5 for \y\ < 1/2, we have 

^N{n) = —2^i:{—{n-m)\eN{m)>-— ^ rojv(m). 



meZ ^ ' |m-n|<Af/{2S) 

I20' lOJ 



For A^ (and hence Q) sufficiently large, the ranges njN G [^, tk] and 



|m — n| < N/{2Q) force m/N G [^, ^], so (13.4) applies, giving 

llArm ^ ^ . 13.27 

Inserting (13.27) and (13.25) into (13.22) gives (13.21), as claimed. D 

13.3. Small Exceptional Set. 

We need to collect one last ingredient. Recall from (13.18) and 
(13.19) that the error SnIu) is given by 

SN{n) = / (1 - ^Q,NmSN{9)e{-n9)d9. 
Jo 

Lemma 13.28. Assume (8.3). For some c> 0, 

J2\^N{n)\'«^^Q-^. (13.29) 

Proof. By Parseval, we have 

J2 \SN{n)\' = /V - ^Q,Nm'\SNm'de. 

Break the above integral on [0, 1] into VJIq and the complementary 
minor arcs m. On m, apply the bound (8.4), confirming (13.29). 
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For the major arcs, note from (13.15) that 1 — iplx) = \x\ on [—1, 1]. 
Then using (7.5) once more with K x N\f3\ gives (with < c < 1/4, 
using (8.3)) 



« E E 



i^ 



2 / / -| \ \ 2 



"""ww-i'"" 






fi/vP 1 



So after renaming the constant c > 0, we are done. D 

It is now standard to derive Theorem 1.31 from (13.21) and (13.29). 

Proof of Theorem 1.31. In light of (13.21), we have for n ^ N that 
MN{n) is of size > |nAr|/(A^loglog A^), which by (12.38) is 

for any £ > (we can replace 1/1000 in (12.1) with any e > 0). Hence 
we expect the same for Rj^{n). If this is not the case, it means that 

1 I^Tvl 



SNin) = \RN{n) - MNin)\ > 



log log A^ A^ 



Let (E{N) denote the set of n x A^ which have a deficient fiber RN{n)] 
more precisely, 

^(N) := JIat < n < Iat : R^in) < ^MNin) 
Then assuming (8.3), we have 



#£(Ar) « Yl 1 

^N<n<^N 

iV>glogA02^ 



il^iv{n)|»,vlSi^} 



using (13.29) and (12.3). 

This completes the proof of Theorem 1.31. D 
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Appendix A. Proof of Theorem 1.43 

Recall that 9^^(A^) is the set of rationals h/d with partial quotients 
bounded in the alphabet A with d < N, 2)^(A^) is the set of continuants 
up to iV, and €j\^ is the limit set of 9^^ with Hausdorff dimension 5 = Sj\^. 
Recall Remark 1.42, that if a, a' & A and b/d G 9^^, then d and b + ad 
and b + a'd are all in S)_4. 

We wish to show (1.44) that for any e > 0, 



#D^(Ar) >, N^H2S-m- 



-S)/{5-5)-e 



For ease of notation, we lose no generality by specializing from now on 
to the case 1,2 E A; whence b/d G 9^^(A^) implies that 

d,b + d,b + 2de^Ai^N). (A.l) 

Then we can drop the subscript A from 2), 9^ and €. 

Our new ensemble of focus is the collection Q = Q^ of intervals given 
by 

' d d+r 



a:= U 



del) 

N/2<d<3N 



N' N 



C [1/2,3], (A.2) 



so that 



ini « *5M). (A.3) 

Hensley's conjecture implies, assuming 6 > 1/2, that we should have 

\Q\ X 1. (A.4) 

A priori, we do not even know that \Q\ > 1, and the bound (1.24) 
follows from 

\Q\:^N-^^-^\ (A.5) 

so this is what we must beat. 
Note from (A.l) that 

lf,(x)lf,(y)lf,(a; + y)l« (^ - l) = 1 (A.6) 

if X = d/N and y = {b + d)/N with b/d G 9^. Just as we thickened Ij) 
to some intervals 1q in (A.2), we wish to thicken IfH to some intervals. 

By Frostman's theorem, there is a probability measure /i supported 
on the Cantor set €, so that for any interval X C [0, 1], we have 

/x(x) «, |x|^-^ (A.7) 
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The most naive thickening of 5^ we could take is at the scale of 1/N'^', 
namely, for each x & €, there is (by Dirichlet's approximation theorem 
and properties of continued fractions) some b/d G yi{N) with 



X 



< 



Ar2- 



So we can find a collection of x A^^'' intervals of length x l/N"^ which 
cover €, each of which has a point in yi{N). Note also that the spacing 
between consecutive points in 9^(iV) is > 1/N^. Instead it will be more 
fruitful to collect points at square-root this scale, 1/A^, as follows. 

By (A. 7), there is a collection {Ze}£<L of L x A^'' disjoint intervals 
le C [1/2, 1], each of length 1/A^, so that 



Denote their union by 



fi{Xe) >, N- 



n:=[_\ii. 



(A.8) 



(A.9) 



Subdividing each X^ into intervals X£„ of length l/N"^, it follows that 
there are at least ^ A^''"'^ of them intersecting (t. For each such i, n, 
the intersection X^_„ fl yi{N) is also non-empty, possibly after replacing 
Xi^n with a doubling. Hence the cardinality of 

b 



n{N) :-- 



d 



e mnn : {b,d) = 1, N/2 < b < d < N 



is of the right order 

We thicken these intervals just a little further, setting 
7^ := Q (le + 



2 2 

'n'n 



(A. 10) 



(A.ll) 



Note that since L ^ A^'', we have 

|7^| < A^-^^--^^ (A.12) 

Note further that €., and hence TZ, is contained strictly inside [0,1], 
that is, for some z/ = z/^ > 0, we have 

7^C [z/, 1-z/]. (A.13) 
Consider now our main integral JT", motivated by (A. 6), defined by 

J := ff ln(x)ln(t/)ln(x + y)ln (^ - l) dydx. (A.14) 
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By (A. 2), the domain of integration above is supported in the box 

[1/2,3] X [1/2,3]. 

For each h/d G TZ{N), the intervals 

d d + 1/2 b + d b + d+ 1/2 

N - - N ' N - ^ - N 

belong to Q, by (A.l), as does the interval 

b + 2d b + 2d+l 

Moreover the interval 

6 2 6-1 w 6+16 2 
< < i^ _ 1 < < --^ 

d N d ~ X ~ d d N 

is in 7^ by the thickening in (A. 11). That is, these intervals contribute 
1/A^^ to JT" for each b/d, and hence by (A. 10), we have established the 
following lower bound. 

Proposition A. 15. 

J >, iV-2(l-^)-^ (A.16) 

The trivial bound JT" ^ 1^2^ from (A. 14) recovers (A. 5), which we 
want to beat. The rest of the appendix is devoted to establishing the 
following 



Proposition A. 17. 



l-S , n 3(l-i) 

J <^,N~^+'\n\^~^^:^=^). (A.18) 



Then Theorem 1.43 follows immediately from (A.16), (A.18), and 
(A.3). 

A.l. Proof of Proposition A. 17. 

Let M > be a parameter to be chosen later (it will be a little less 
than A^"*^^"*^^), and decompose 

J = Ji + J2, (A.19) 

where 

Ji := // ■■■dxdy, (A.20) 

J J {ln*l.n){-x)<M 

and 



J2:= I ■■■dxdy. (A.21) 

' {ln*l-n)i-x)>M 
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Then writing 1?^ < 1, we have 

J\ < \\ ln{x)ln{y)l^n{-x - y)dxdy 

(ln*l-n){-a:)<M 

< / ln{x)(ln*l-ni-x)\dx 

(ln*l_n)(-x)<M 



< M\Q\. (A.22) 

It is clear aheady that to get a gain on \Q\, we must take M a power 
less than N~^^-^\ 



We are left to analyze J72. Note that in the domain of J72, we have 

ln{x + y)<l<j^iln*l-n){-x). 
Hence we can write 

J2<j^ jj ^ r]{x) (In * l-u){-x) My) In [I - l) dydx, 

where we have bounded ln{x) by a smooth bump function ri{x) with 
support in [1/4,4], say, and rj > 1 on [1/2,3] to recall (A. 2) that 

xe [1/2,3]. 

For a smooth, non-negative, even function T with compact support 
and JT = 1, let T^i^y) := 10NT{10Ny), and dominate ln{y), up to 
constant, by the smooth function 

Sq := In * Tat. 

So we have 



:^2 « ^ ■ Ji, (A.23) 



where 



J2 ■■= ff ^(a;)(ln * l-n)(-x) Sniy) In (^ - l) dydx. (A.24) 

Note that, by the smoothness of T, the Fourier spectrum of Sq is 
contained, up to negligible error, in [— A^^"*"^, A^^+^]. So we can decom- 
pose Sfi^y) by the technique of "slicing." That is, introduce a certain 
dyadic partition of unity via the Fourier multipliers XkiO^ defined as 
follows. Let Ao(0 be even, = 1 on [1, 2], and decaying piecewise-linearly 
to at ^ = 1/2 and ^ = 4, see Figure 10. For integers k ranging in 

< 2^'= < N^+', (A.25) 
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\ 1 r I 



-2 -1 -i i 1 2 



Figure 10. The Fourier multiplier Aq. 
define 

Let Afc be the Fourier inverse of A^, so 

A,(l/)=22%(22'=y) = (I?22.Ao)(2/), 
where 

sin^ f-vru) / \ 

Ao(y) := Y^^ — ( 2 cos (lixy) - cos (ixy) + cos (57ry) j , 

and Vu is the dilation representation, 

We also introduce 7^, the translation representation, 

r„/(?/):=/(y + n). 

Of course A^ * / = A^ ■ /, so we have 

Sn= Y. i^k*Sn) + Err, 

where ii^rr is bounded by an arbitrarily large power of 1/A^, and will 
henceforth be ignored. 

Then we can bound (A. 24) as 

k 

where 

:^f ^ := ffvix) (If^ * l-f7)(-x) (A, * Sn)iy) In (^ - l) dydx. 

(A.27) 

Since the Fourier spectrum of Sq is now controlled, so is that of l-ji, 
as follows. Write l-jil^-l) = l^n {y - x) = {T-Axuliv)- Then the y 
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integral can be written as 

(Afe * Sn){y) iT-xlxii)iy)dy 
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(A.28) 



>^kiOMO {T-.Unmd^ 



XkiOSniO KixOiT^.Unmd^, 



where we inserted another bump function A'^ which is smooth in ad- 
dition to other properties of A^. Namely, let Ag be even, = 1 on 
±[1/16,16], and decay smoothly to outside of ±[1/32,32]; then set 
KiO '■= '^o(^2"^''). The point is that X'^ixC,) = 1 on the support of A^, 
since x G [1/4, 4] by the support of r], so the above equality holds. 

Then writing A'^^ for the inverse transform of A';,, we have 



Ji^) 



7]{x) {ln*l-n){-x) {Ak*Sn){y) 



K * l7^ 



( 1 ) dy dx. 

(A.29) 

Now we handle two ranges of k separately. We introduce a cutoff 
parameter /C to be chosen later, see (A. 41). 

A. 1.1. The range k < K.. 
We wish to prove 

Lemma A. 30. For k < K,, 

Jt^ «, \^f 22^(1-^) iV-(i-^)+^ (A.31) 

This is a gain of a power of |i7| (recall we are assuming |n| < 1). 
Proof. Estimate (A.29) by 



J, 



(k) 



< ||ln* l-n\\i ■ \\Ak*<Sn\\^ 



AUl 



Tl 



(A.32) 



The first factor contributes |f2p, and the second is ^ \Q\, since Aq is 
integrable. For the last term, write 



Al*l 



7^ 



< sup f 2^'' \A'o{u2^'')\lniz - u)du 



< 



E2 

m>0 



'('=-"^) sup |7^^w| 

|W|=2"'+i-2'= 



(A.33) 
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where the supremum is taken over intervals U. Here we used that Aq 
has rapid decay, so certainly 



Note by (A.25) that 



22-L|y|<2 -^ ^2 



l|2^l<4 + ^l|y|<8 H • 



\U\ > 2 



-2k+l 



> 



Nl+e- 



We have yet to exploit the structure of TZ and do so now. This 
requires the following 

Lemma A. 34. For any interval lA of length at least 1/N'^^'^ , we have 

|7^ n W| < iV-(i-^)+=|W|^+^ (A.35) 

Postponing the proof of this lemma, we see that applying (A.35) in 
(A. 33) gives 



a; * In <. 2"'^^-^^N-^^-^^+''. (A.36) 

oo 

Putting (A.36) into (A. 32) gives (A. 31), as claimed. D 

It remains to establish (A.35). 
Proof of Lemma A. 34- From the structure of 7^ in (A. 11), we have that 



innui 



w n x^ + [-2/N, 2/N] 



£ 

« ^#<i^<L:Wn(X,+ [-2/iV,2/iV]) ^ 



<e 



l/i(W+[0,l/iV]) 



where we used (A. 8) and (A. 7) in the penultimate and final lines, re- 
spectively, n 

A. 1.2. The range k > K,. 

In this range, we will establish 

Lemma A. 37. For k > K,, and any e > 0, 



J, 



(k) 



<, \Qf/^ 2-"' iv-(l-'^)+^ 



(A.38) 
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Proof. Changing variables ?/ ^-)■ yx in (A. 29), we have 
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J, 



(k) 



< 



fff{x){Ak * Sn){xy) 7]{y) f A'^ * l-A {y - 1) dy dx 



where we set 

f(a;):=xr/(a;)(lc*l-n)(-a:) • (A.39) 

By the rapid decay of A'^ and (A. 13), we may restrict the integral 
to y X 1 with a negligible error. Now reverse orders, apply Parseval in 
x, reverse orders again, use the definition of the Fourier multipliers A^, 
apply Cauchy-Schwarz in y, change variables y \-^ ^/y, and estimate: 



Ji'' 


< 


Jj/xl VJ|5|/yx22fc y J 




< 


[ m (^ [\Sn{y)'dy) \K*ln\2dC 

/|5|x22fc V ^ ^ / 



<. 



(2-'' [ mm) i^r^' 2^^'-'^n-^'-'^+' 

\ J^eR ) 



where we estimated the last piece by 



I|A1 * I7 



< 



1 1/2 



IAUl7e|iriK*l7e|ii 



1/2 



L7e||2 - W^k 

^^ 2'^.(l_5)jy-(l-5)/2+£|^|l/2 

using the £°° bound in (A. 36) and (A. 12). We easily estimate from 
(A.39) that llllli < |(]|, giving (A.38), as claimed. D 

A. 1.3. Completion of Proof. 

It is now a simple matter to establish Proposition A. 17. Putting 
(A.31), (A.38), and (A.26) into (A.23) gives 



M 



<. 



M 



_JV-(l-5)+e |J^|3/(2-<5) 



on setting 



K:-- 



-31og2|f^| 



(A.40) 
(A.41) 



2(2 - 5) 
Combining (A.40) with (A. 22) and choosing 

M = iV-(^-'^)/2+e|^|(l+5)/(4-25) 

gives (A. 18), as claimed. This competes the proof of Theorem 1.43. 
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